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Abstract 

The universal Vassiliev invariant from the perturbative Chern- 
Simons theory is actually a knot invariant without any correction term. 
The anomaly considered by Bott and Taubes is proved to be zero. 
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§0 Introduction 

Following the works of Bar-Natan [3], Bott-Taubes [5] and Altschuler- 
Preidel [1], we know how to use Feynman diagrams and their associated 
integral to get the beautiful and natural Universal Vassiliev Invariant in the 
infinite dimensional algebra of chord diagram (or Feynman diagram). But, 
there still have some defect. A correction term coming from the integrals over 
the spaces of totally concentrated Feynman diagrams should be considered. 
The main purpose of this article is to show that the correction term is equal 
to zero. 

0.1 

Roughly speaking, a Feynman diagram is a type of graph in iR^ with 
partial vertices staying on a knot K. If F denotes a Feynman diagram, the 
Feynman integral /(F, K) is a measure for the configuration space C{T, K) 
of graphs, equiv. to T, on K. \T\ denotes the number of automorphisms 
of F. (|r| is also equal to the multiplicity of F appearing in C{V,K).) The 
Universal Vassiliev invariants, proposed by Bar-Natan [3], also by Kontsevich 
[8], can be written as 

r I-*- I 

(the summation is over equivalence classes of Feynman diagrams) 

where X is a knot and [F] denotes the corresponding element of F in the 
algebra of (chord) diagram. Atschuler and Freidel [1] consider the following 
correction term: 

which is quite similar to the above Z{K) except the integral part /p. /r, 
invented by Bott and Taubes [5], is a measure for the "universal space" 
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iy(r) of totally collapsed Feynman diagrams which is equivalent to F. The 
"universal space" VF(F) has the same dimension as C{r,K), and /r is also 
a Feynman integral similar to I{r,K). The interesting thing is that the 
correction term a is independent of K and what are the values of a and /r, 
for each F. Altschuler and Freidel showed that, when F is not connected as 
a graph or the order of F is even, /r is always zero. 

In this article, we propose a method to show that the sequence a — 
f S |r|[r] is equal to zero in the algebra of diagrams. A weight system u> is 

a integral value function for the diagrams such that X^a;(F)C(F, K) forms a 

r 

"cycle in the homology theory" . Thus, to show that a = in the algebra of 
diagram, it is enough to show that uj(a) — ]rj'^(r) zero, for any weight 
system u>. 

As above, we use li^(F) denote the space of totally collapsed Feynman 
diagrams equivalent to F. 

By the result of Bott and Taubes, X]a;(F)C(F, can not form a cy- 

r 

cle (W^(F) is related to the anomalous boundary of C(T,K)). But, when 

we consider the analogue for W^(F), Y.uj(r)W{r) does form a cycle under 

r 

suitable interpretation. And the value uj{a) — |E-j^a;(F) is equal to the de- 
gree of canonical map from 1^(F) to a special space B^, which looks like the 
classifying space of diagrams with k edges. 

Furthermore, W{T) has a natural S'0(3)-action and it is a fibre bundle 
over with fibre Wo(F), a S'^-space. Thus, W{T) = Wo(F) x 50(3), 
and the canonical map $0 • W^o(r) — > determines $ : M^(F) — > B^ 
completely. 

Now, we shall move the problem to Wo(F) and TiUj{T)Wq{V) . The 5"^- 
action on Wo(F) is semifree, that is, the isotropic groups are trivial or the 
whole S^. Let H{V) denote the fixed point set of the S'^-action on VFo(F) 
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and -D(r) be the normal vector bundle of i^(r) in IVo(r). Then Scj(r)D(r) 
also forms a vector bundle over Sa;(r)if(r) and is the normal bundle of 
Sct;(r)if(r) in Tju{r)Wo{r). And, the interesting facts are the following: (i) 
the "degree" of Sc<;(r)VF(r) is equal to a Chern number of the normal bundle 
Sa'(r)D(r), (ii) all the possible normal vector bundles has structure group 
isomorphic to the semi-direct product of 0Z2 and the symmetry group S^. 

k 

This concludes that the possible degrees are all zero. 

Remcirk : In the above consideration, we may restrict the diagrams 
r with the same order n. But, under the order restriction, W(r) may also 
have different dimensions. Thus, we should consider the stable one W{r)^'^^ — 
W{r) X (riBP^), and arrange them into spaces with the same dimension. 

r 

Acknowledgement: The author wishes to thank Ping-Zen Ong for 
discussing with him most of the topics in this article. 

In the remaining sections of the introduction, we talk about the tools and 
strategies using in the article. 

0.2 Knot graph and its configuration space: 

Suppose K is a oriented knot or a oriented simple curve. A knot graph F 
on K is a finite 1-dimensional simplicial complex with two kinds of vertices in 
Vo{r) and Vi{r), elements in Vo(r) are called base points which are always 
stay in K, and elements in Vi(r) are called inner vertices which are only 
assumed to be points of (could be in K). V{r) = Vb(r) U Vi{r) is total 
vertice set. The edge set -E'(r) is a finite set of unordered pairs of distinct 
points in ^(r), that is, for e e E{r), e = {v,w} with v ^ w in V{r). For 
convenience, choose a linear on K such that the increasing order is the same 
as the given orientation. 

Suppose Fi is a knot graph on Ki and F2 is a knot graph on A 
simplicial map g : Fi — > F2 is said to be an equivalence of knot graphs, if g 
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is an isomorphism of simplicial complexes, 5f(Vo(ri)) = Vo(r2), g{Vi{ri)) = 
Vi(r2), g{E{ri)) = E{r2), and g preserves the hnear orders of Vo(ri) and 
Vo(r2), which are inherited from the hnear orders of Ki and K2, respectively. 

Let C(r,K) — {V : V is a knot graph on K and F' is equivalent to F by 
an equivalence g}, it is called the configuration space of F (over K). 

The interesting thing for knot graph and its configuration space is to find 
a measure for the configuration spaces, i.e. integral on C(F, K) and a method 
to collect the knot graphs Fi, F2, • • • such that their measure J2HC{Ti, K)) 

i 

constitutes a knot invariant. 

For convenience, consider C{r,K) = {{g,r') : F' is a knot graph on K 
and g : F — > F' is an equivalence }, it is a covering space of C{r,K). 
Sometimes, for simplicity, just denote it by C(F). 

Whenever F is a knot graph, there is a natural map 0r : ^(r) — IRP^ 
= { lines in through the origin }, defined by: e = {v,w} e E(r), 0r(e) 
is the line passing through (v — w) and the origin. If F has k edges, then 
the image of 0r determines an element in niRP^/^^fe, the k-fold symmetric 

k 

product of lElP^. Let Bk — HRP^/T^k, it looks hke a classifying space of 

k 

knot graphs. Then, there is a canonical smooth map $ : C{T,K) — > B^, 
$(F') = Im{(j)r). (of course, also for C{T,K)). C{T,K) is not compact. 
But, it is very fortunate that there is a compactification ( Fulton- MacPherson 
[6]) such that $ can be smoothly extended to this compactification and the 
codimension 1 boundary is the union of C{T;A), where A run over all the 
subsets of V{r), containing at least two points, (details see section 1.2) 

Definition : (i) B^ = TllRP^/Sfc) ^k, the symmetry group acting on 

k 

n RP^ by permuting the coordinates. 

k 

(n) {X, /) is said to be a S^-space, if X is space and / : X — )• B^ is 
continuous. 
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(iii) p{k) = riRp^. 

k 

(iv) {X, /) is said to be a P(A;)-space, if X is a space and / : X — > P{k) 
is continuous. 

Examples: C(r) has a canonical Bfe-structure $ : C(r) — )• Bk. When 
we choose an order for the edges in F, we have a P(A;)-structure ^ : C{r) — )• 
P{k) in the obvious way, but there are A;! different P(A;)-structures dependent 
on the k\ different choices of orders. C(r) also has a canonical Sfc-structure, 
but may not have a P(A;)-structure. The boundaries C{r;A) are similar to 
the situation for C(r). 

To get an a priori measure for (C(r), $), we need to introduce the hne 
bundles for the P/j-apces and the associated local coefficient for these P^- 
spaces. 

Let L'^ be the orientation line bundle over P{k) (thus L'^, is non-orientable) 
and Pfc be the line bundle over "push down" from P'^, that is, = PJ^/E^. 

For any P^-space (X, /), let L{X) denote the pull-back f*{Lk) of by 
/. (X, /) and (X', /') are two P^-space, r : X — > X' is said to be a P^- 
map, a f o T — f . A Pfe-map r : X — > X' determines uniquely a bundle 
map T : P(X) — > L{X') such that for — /, where / : P(X) — > and 
/' : P(X') — )• Pfe are the bundle maps covering / and /' respectively. 

Definition : Suppose X is a manifold. A P^-orientation for a P^- 
manifold (X, /) is an orientation for the total space of the line bundle P(X). 

Let Ok denote the orientation sheaf of Lk, then /*Ofc is the orienta- 
tion sheaf of P(X) over X. H2k{Bk,Ok) ^ Z and /, : H2k{XJ*Ok) — > 
H2k{Bk, Ok) provides a most natural measure for the 2 fc- dimensional cycles 
in X. 

In Chapter 1, we shall use the configuration spaces constructing a big 
"knot invariant" P^-space, and the weight systems of Vassiliev invariant will 
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provide "tautological" cycles in this -B^-space and the associated degrees 
from the homology theory are the knot invariants. 

The "troubles" of "knot invariant" Sfc-space will be solved by introducing 
another big Bk-space W whose degrees are always trivial. (S^-space W is 
defined in Chapter 3.) 

0.3 Construction of "knot invariant" 5j^-space: 

The main tool of this construction is the identification map for the bound- 
ary C(r; A) of configuration space C(r). 

For any graph F and a subset A of vcrticc set V^(F), A(F) denotes the 
subgraph of F inside A. Precisely, the vcrtice set of A{r) is A and the 
edge set E{A{r)) is equal to {e = {v,w} G -E(F) : v,w E A}. The 
codimension 1 boundary C(F;A) is a fibre bundle over C{r/A) with fibre 
D(A(F), x). (details see section 1.2 and 1.3) 

The identification maps for C(F; A) have two kinds: 

(i) First kind: When |A| > 3 and A(F) has one of the following three type 
of vertice: free vcrtice, univalent inner vertice or bivalent inner vertice, 
there is a smooth map: 



(ii) Second kind: When 1^41 = 2 (that is, A has exactly two vertices), there 
is a smooth map: 



r:C(F;A) 



C(F;A). 



T:C{r;A) 



C{r/A) X P{A), 



where 




eP^ if A{r) has one edge, 

{one point}, if A(F) has no edge. 
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It is easy to see that, when X is a i?fc-space, X^^"* = X x 5^ is a i?fc+,.-space. 
And the identification map can be extended directly to r : C{V]A)'^^'^ — >■ 
C(r;A)W (first kind) and r : C(r;A)W — ^ C{T / A)^'-+<^'^^ (second kind), 
where e(A) denote the number of edge in A{T). 

Definition : Suppose F is a knot graph. 

order (F) = \E{V)\ - \Vi{V)\. 

Now, we restrict to the knot graphs of order n. Let S{n) be the disjoint 
union of C{T)^^'^~^'> {k is the edge number of F), for all F with order n 
and having no free vertice, univalent inner vertice and bivalent inner vertice. 
Furthermore, let S{n) denote the quotient space of S{n) by identifying a with 
T{a), for all possible identification maps r of first kind and second kind, and 
for all a in the corresponding boundary C(F; A). Because the identification 
rule to identify some points in S{n) which have the same image in B^^ (note: 
(7(r)(3n-fc) jg Sg^-space), S{n) is also a natural S3„-space. Let $ : <S(n) — 
also denote the structure map. Then, : HQn{S{n),^*{Osji)) — 
HQn{Bsn, ^3n) IS supposed to give a lot of knot invariant. Unfortunately, 
there is none. Originally, for any weight system cu with integral coefficient, 
one expects that Ea;(F)C(F) is a tautological cycle in (<S(n), $*(C3n)) and 
$*(Ea;(F)C(F)) will provide a knot invariant for K. But, Bott and Taubes 
[5] showed that Ea;(F)C(F) has extra boundary C(F; A),A^ V{r), the total 
vertice set, which is not considered in the above identifications. We find that 
$*(Ea;(F)C(F)) actually could also be a cycle in (B^njOsn)- But, it is hard 
to find further "tautological" identifications in the space S{ri). Thus, we 
propose to consider additional configuration spaces of the totally collapsed 
knot graphs W{r, K) such that Ea;(C(F, K) + W{V, K)) could be a cycle in 
some S3„-space which contains S{n). 

But, the trouble of VF(F, K) is that W(V, K) depends on a domain D{K) 
in S^. The boundary of D{K) is the closed curve of unit tangent of K. Such 
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a domain has two choice Di{K) and D2{K), Di{K) U D2{K) = S"^. And, 
W{T,K) has also two choice: W{T,Di{K)) and W{T,D2iK)). If one show 
that J:u{T){W{T, Di{K)) + W{T, D2{K)) = i:u{T)W{T, S^) always gets zero 
value in HgniB^n, C^sn) (under $^). Then, the $*-value of Ec<;(r)(C(r, K) + 
W{r, K)) for K is & knot invariant. 

(Sorry, the above argument is quite rough, the correct form of tautological 
cycle might be much complicated.) 

In the following, we write W{V) for W{V,S'^) = W{T,Di{K)) U W{T, 
D2 (K)), which is independent of K. 

Now, we apply the same trick for M^(r), instead of C(r), (dimC(r) = 
dimiy(r)). And, for some technical reason, we consider the P(/c)-structure 
of M^(r), instead of i^fc-structure. 

0.4 The P(3n)-space >Vo(n) and W(n): 

Instead of a knot, we consider the line Iq of 2;- axis and the configuration 
space C(r, Zo) of knot graphs on Iq, which is equivalent to F. When we 
translate a knot graph on Iq in the line direction or dilate a knot graph, 
the knot graph does not change its image in P{k) or Bk- Thus, VFo(r) = 
C(r, ^o) /(translation and dilation relation) is also a P(A;)-space. But, now, 
we should consider all P(A;)-structures by interchanging the order of edges, 
that is, Ejfc • where ^ : WQ{r) — )• P{k) is some canonical P(fc)-structure. 

Let Wo(n) be the disjoint union of all Wo{T) x P{3n - A;) x Eg^ • * 
and yVo{n) be the quotient space of WQ{n) by the identification maps with 
a reasonable choice of P(3n)-structure and the extended translation and 
dilation relations, (see section 3.1.) 

Explanation: The extended translation and dilation relation is defined 
on IVo(r), for the splittable knot graph T. The purpose is to reduce the 
dimension of W^o(r) by one or two such that we may forget the splittable 
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knot graphs in }Vo{n). A knot graph is said to be sphttable, if it is a union 
of two subgraphs whose intersection is empty or exactly a base point. 

0.4.1 action on the spaces Wo{r),Wo{n) 

Identify as the S'0(2)-subgroup of SO (3), which contains the rotations 
around the z-axis. Then naturally acts on C(T,lo), and hence on IVo(r)- 
The identification maps in the boundaries of Wo(r) are all S'^-equivariant. 
Thus, the ^^-action is also well-defined on >Vo(n). 

Iq is oriented by the direction (0, 0, 1). For any x E S"^, we have the fine 
Ix — {tx : t E R} with orientation x. We may define Wi;(r) and yVx{n) 
in the same way. Then, W{r) — [j Wx{T) with suitable topology, it is 

a fibre bundle over S'^ with fibre Wo(r), and W{n) = (J yVx{n), also. 
Because SO (3) acts on S'^ transitively, we may write W{T) = SO (3) x 
Wo{T) and W{n) = S0{3) x Wo{n), where the topology of W{T) and W{n) 
is obvious, instead of the loose union. Actually, 5*0(3) has a natural action 
on U H4(r), which is the same as the S'0(3)-action from 5*0(3) x lyo(r) 

(also for W(n)). 5*0(3) also acts on RP^ and P{k). The P(A;)-structures of 
W^(r) and VV(n) are also 5'0(3)-equivariant. Thus, one might expect that the 
5'^-equivariant P(3n)-structure of Wo{n) could control the 5'0(3)-equivariant 
P(3ri)-structure of W{n) nicely. 

0.4.2 Orbit space of S'^-action: 

Consider the orbit spaces Wo{n)/S^ and P{3n)/S^ and the map ^ : 
WQ{n)/S^ — > P{3n)/S^ induced by P(3n)-structure ^ : Wo(n) — > F(3n). 
We find that the homomorphism : //6n-3( Wo(n) / S^) — > H(in-z{P{3n) / S'^) 
has a good relation with the degree homomorphisms from //6n(VV(n)) to 
HQn{P{3n)), (all the homologies are with suitable local coefficients). Even 
better, when we restrict the map ^ to any neighborhood of the fixed point set 
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of Wo(n) and P{3n), we can still control the original degree homomorphism 
of W(n). 

P{3n) has only one fixed point we may choose the canonical Euclidean 
space IR^"" = (D^'^ as the neighborhood of and its inverse image in Wo(n) 
is a 2n-dimensional complex vector V{n) over the (2n — 2)-dimensional fixed 
point set 7i{n) of the S'^-action on Wo{n). 

Now, consider the restriction ^ of ^ to T>{ri) — H{n)/S^, we have a map 
from the S'^-orbit space of the associated spherical bundle to C^" — {0}/S^, 
which is homotopically equivalent to (DP^"~^. Its homology homomorphism 
is just a stable characteristic class of the complex vector bundle T>{ri) over 

nin). 

Up to now, we have the spaces in the following commutative diagram: 

n{n) ^ V{n) — ^ (i;'" 

>Vo(n) — ^ P(3n) 
(The vertical maps all are inclusions.) 

We also have the orbit spaces which form a commutative diagram as 
follows: 
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V{n)/S^ > (D^V^i 



>Vo(n)/5'i — 2^ P(3n)/5i 

Now, we can state the Theorems which are needed for the proof of our 
main result. 

Theorem A: If : Hen-4(T>(n) - n{n)/S^) — > H^n-ii'^P^'^''^) is a 
zero-homomorphism, then the degree homomorphism : i76n(VV(n)) — 
Hen{P{^ri)) (with suitable local coefficient) is also a zero homomorphism. 

Theorem B: The stable characteristic classes of P(n) over 7i{n) are all 
zero. Thus, \E'* = 0, in any dimensions. 
The proof of Theorem A has two steps: 

(i) : Hen-3{Wo{n)/S^) — ^ Hen-3{P{^n)/S^) is 0-homomorphism =^ 
degree homo. (^*)6n is 0. 

(ii) "(^*)6n-4 = 0" ^ "(^*)6n-3 = 0" 

Step (i) is a result of functorial property of 50(3) x (•). 
Step (ii) depends on the following 

Proposition: H^n~3{P{k) - ^o/S') = or He^_^{US^ - F/S^) = 0, 

3n 

where F is the fixed point set of S^-action on H 'S'^- 

3n 

Both results in the proposition can prove Step (ii), we actually prove the 
second, (see section 4.4) 
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And the proof of Theorem B is to show that the vector bundle T>{n) over 
7i{n) has finite structure group. 

0.5 Conclusion 

Suppose a; is a weight system for the Vassihev invariant of order n. 

Then X^a;(r)VF(r) x P{3n - k) x • * forms a 6n-dimensional cycle in 
r 

(>V(n), \l/*(03„)) and its image in iy6n(-P(3n), Osn) is equal to a non-zero 

multiple of irT^(r)- Thus, irT'^(r) = 0, for any weight system cu, and 

r ' ' r ' ' 

hence, ■jfe[r] = in the algebra of chord diagram, 
r ' ' 
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1. Degree theory and knot invariant 



In this part, we define the knot graphs and their configuration spaces, 
discuss the boundaries and see how to identify the boundaries of different 
configuration spaces to get the knot invariants. 

1.1 Knot graph and Configuration space 

1.1.1 Knot graph 

A graph F is an abstract 1-dimensional finite simplicial complex with 
vertices in V{T) and edges in E(T). For e G E(T), e is an unordered pair of 
distinct vertices, that is, e — {v,w}, v ^ w in ^(F). 

K : — > is an embedding, K — k{S^). Fix the hnear order for the 
points on K as follows: 

< n{e''^) < «;(e^^'), for < ^ < ^' < 2tt. 

Definition (1.1): A graph F is said to be a knot graph on K, if V^(F) C 
IR^ and V^(F) is disjoint union of Vo(F) and Vi(F) such that Vo(F) is a subset 
of K. The vertices in Vo(F) arc called base points. The vertices in Vi(F) are 
called inner vertices which arc only assumed to be points of IR'^. Any two 
vertices are distinct points of IR^. 

lElP^ denotes the space of straight lines in passing through the origin, 
it is also diffeomorphic to 5"^ quotiented by the Z2-action: —1-x — —x. Any 
non-zero vector x of determines an element [x] — {tx, t eR} oi EP^. 

The interest of knot graph F and RP^ is the following map for the edges: 
(j)r : E{r) — ^ IRP^ for the e = {v,w} e E{r),(j)r{e) = [v-w]. If X is a space 
of knot graphs, we have a canonical map associated with X, ^ : X — > { 
finite subsets of RP^}, $(F) = {0r(e) : e e ^^(F)}, for T e X. When all the 
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graphs in X have the same number of edges, say k, then $ is a well-defined 
map from X to the /c-fold symmetric product of I^^, HiRP^/Sfc, where 

k 

is the symmetry group of {1, 2, • • • , A;} and T,k acts on HIRiP^ by permuting 

k 

the coordinates. 

1.1.2 Equivalence of knot graphs 

Suppose K, K' are knots or simple curves with a natural linear order for 
their points. 

Definition (1.2): Assume V is knot graph on K and V is a knot graph 
on K' . A simphcial map g : F — )• F' is said to be an equivalence of knot 
graphs, if g is an isomorphism of simplicial complexes and the restriction of 
g to Vo(r) is an order preserving bijection from Vo(F) onto Vo(r'). (Thus, g 
sends base points to base point and sends inner vertices to inner vertices.) 

For any knot graph F, the base points of F have a linear order which is 
inherited from the linear order of points in the knot or simple curve. The 
equivalence g must preserve the linear orders of base points. Furthermore, g 
is a bijection of -E'(F) and E{T'). 

Two equivalent knot graphs may be not on the same knot. Thus, it is con- 
venient to consider a equivalence class of knot graphs or a single knot graph 
as an abstract 1-dimensional simplicial complex with two type of vertices: 
one is the base points with a linear order and one is the inner vertices. 

1.1.3 Configuration space of knot graphs 

Definition (1.3): Suppose F is a knot graph (on some knot or simple 
curve with linear order) and K is a knot or a simple curve in IR^. C{T,K) 
denotes the set of all pairs {g, F'), F' is a knot graph on K and g is equivalence 
from F to F'. 



18 



An alternating definition of configuration space is the following: C(r, K) 
= {V : r' is a knot graph on K and V is equivalence to F}. It is easy to see 
that C(r, K) is a covering space of C(r, K), and the number of elements in 
the fibre is the same as the number of automorphisms of F. |r| will be used 
to denote the order of automorphism group {g : T — > T equivalence } of F. 

If r has m base points and s inner vertices, then the dimension of C(r, K) 
is m + 3s. 

If r has k edges ei, 62, • • • , Cfc. Let Bk — YIEP^/T,^. $ denotes the 

k 

canonical map from C{T, K) to S^, that is, $ {g, V) = Im {4>r')- Ordinarily, 
$(C(r, K)) also has dimension m+Ss in B^. But, sometimes, it is degenerate. 
For example, when K is straight fine in R^, dim$((7(F, K)) < m + 3s — 2. 
The reason is that when a knot graph on a straight line translates on the fine 
or dilates all give the same image in B^. In this article, the knot invariant 
will be a correct measure of $(C(Fj, K)) or $(C(Fj, K)), i = 1, 2, for 
some Fj, i = 1, 2, • • • , /. Thus, one of important work is to find out some 
principles or some rules when or where there are two distinct knot graphs 
or a bunch of knot graphs which have the same image in Bk- Then, we can 
make the identifications at first and use them or disuse them for the purpose 
of knot invariant. 

Example (1.4): Suppose F has a univaliant inner vcrtice v, that is, 
some edge e = {v,w} is only one edge containing v as the end point. Then, 
each {g, g{T)) in C(F, K) has the same image in B^ as the bunch of elements 
in {gt, fl't(r)), t ^ 0}, where gt{v) = g{w) + t{g{v) - g{w)) and gt{v') = g{v'), 
for v' 7^ V. Thus, we may identify {gt, gtiT))} to a point for each {g^g{T)) in 
C(F, K))^ and the new space has less 1 dimension. In the following, we shall 
find more and more identification rules to make up spaces for knot invariant. 

The most important identification rules will happen in the boundaries of 
configuration spaces C{T,K). 
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1.2. Boundary of Configuration Spaces 

1.2.1. Description of Boundaries 

In the remaining part of this chapter, K will be fixed and C(r, K) will 
be denoted simply by C(r), for any knot graph V. 

C(r) is, by no mean, compact, but there is a compactification (Fulton 
and MacPherson [6]) for the configuration spaces such that $ : C(V) — > Bk 
can be extended continuously to the compactification of C{V). For conve- 
nience, we assume that C{T) has been substituted by its Fulton-MacPherson 
compactification. 

(1.5) (Fulton-MacPherson) The codimension 1 boundary of C(T) is the 
union of C{T\A), for any A which is a subset of the vertice set V^(r) and 
contains at least two vertices. C(T\A) is a fibre bundle over C{T/A) with 
fibres D[A{r),x), where T/A and D[A{T)^x) are defined in (1.6) and (1.8). 

(1.6) r/ A denotes the knot graph with vertice set y(r/ A) = {V{V)-A)\J 
{a}, a ^ V{T), and edge set E{V / A) ^ {e ^ {v,w} : v,w ^ A, e e E{V)} U 
{e — {v,a\ : V ^ A and there exists w & A such that {v, w} e E(T)}. The 
set of base points in F/ A is the following: 



Because the new vertice a replaces the vertices in A, the linear order on 
Vq{T / A) can be defined in the obvious way, under the Assumption (1.7) below. 

Assumption (1.7): v4nV^)(F) is an interval of the hnear order set Vq{V), 
that is, {v e Vo(r) :vi<v< V2}, for some ^1,^2 in Vq{V). 

(1.8) Description of D{A{V),x) 

Suppose {g,g{TlA)) is an element in C(F/A) and x is the point g{a). 
Then D{A{T),x) is the fibre of C{V-A) over {g,g{V/A)). 




yo(r), if^nvo(r) = 0, 

{a} U Vo{V) -A, if ^ n Vo{V) ^ (t>. 
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(i) ^(r) is the graph with vertice set V{A{r)) = A and edge set E{A{r)) 
= {e = {v, w} G E{r) : v and w are in A}. When A fl Vo(r) is non-empty, 
A(T) is a knot graph with set of base points Vo{A{T)) = An Vo(r). When 
A n Vo(r) is empty, A{r) is a graph without base point. Thus, whether A 
contains base points or not, the situation is quite different. 

(ii) (Case 1): Ar\Vo{r) is non-empty. 

In this case, a is a base point. Thus, x — g{a) is a point on K and 
D{A{T),x) is the set of "infinitesimal" knot graphs concentrated at x. Pre- 
cisely, let l{x) denote the tangent hne of K at x, D{A{T),x) is the configura- 
tion space C{A{T), l{x)) quotiented by the translation and dilation relation: 
(^1,^1 (^(r))) and (^2,^2(^(r))) are two element in C{A{r),l{x)), gi ~ 92 
if there exist A > and yo in such that gi{v) — yo + ^g2{v) for all 
V e V{A{r)) ~ A. This definition is good for any kind of graph with or 
without base point. But, in this case, yo could only be a vector parallel 
to l{x). Thus, d\-mD{A{T),x) = dim C(A(r), - 2, and dimC(r;^) = 
dimC(r/A)+ d\-mD{A{T),x) = dimC(r) - 1. 

(iii) (Case 2) A fl ^(r) is empty. 

In this case, D{A{T)^x), is nothing to do with K or the tangent hne 
of K. The original meaning of D{A{T),x) is also the set of infinitesimal 
graphs concentrated at x. Precisely, D{A{r),x) is the configuration space 
C{A{T)) — {{g,V') : g : A{V) — > V is an equivalence } quotiented by 
the translation and dilation relation defined in (case 1). Note: this relation 
reduces the dimension by 4, that is, dim D{A{T),x) = dimC(A(r)) — 4. 
Formally, D{A{T),x) is independent of x, that is, D{A{T),x) = D{A{T),x'), 
for any x, x' in IR^. But, similar to case 1, dimC(r;v4) — dimC(r/v4) -|- 
dimD(v4(r),a:), it is also equal to dimC(r) — 1. 

1.2.2. The canonical map $ : C(r; A) — > Bk 
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Suppose r has k edge. Then T/A and A{r) have the sum of edge numbers 
equal to k. Thus, for a = {g,g{r/A)) in C{r/A) and (3 = {g' , g'{A{r))) in 
D{A{T),x), = ($(«), $(/?)), it is a well-defined element in Bk. 

To show that $ : C(r; A) — )• Bk is a continuous hmit of $ : C(r) — )• S^, 
let a+tp denote the following element in C(r), as i is a small positive number: 

Fix an element ao in A {uq e An Vo{T), ii An Vb(r) 7^ 4>). 



In fact, {{g,g') — ^ gt) defines a collar of C{r;A) in C(r). 

1.3. Identification Rules 

We like to find all possible principle that which knot graphs have the 
same image in Bk, and construct the identification maps. 

1.3.1 Free vert ice 

Suppose A has more than two vertices and A(r) contains a free vertice 
V, that is, V is not an endpoint of any edge in A(r). 

Let Ai = A — {v} and we identify an clement {g, g{A(r))) in D{A(r), x) 
with its restriction to Ai, {g\Ai, g{Ai{T))) in D{Ai{T),x). We can also choose 




{\g'\^max{\g'{v) - g\w)\, v,w,eA}) 



a + tp — {gt, 5't(r)), and it is easy to see that 



liin(Q; + t(3) — {a, {3) and 
lim$(« + i/3) = 
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an embedding from D{Ai(r),x) into D{A(r),x), which is a right inverse 
to the restriction, as follow: 

{g^,gM^{T)))eD{A,{T),x), 

let ll^iill = max{\gi{vi) - gi{v2)\ : Vi,V2 E Ai}, 

&x vo e Ai, g : A — > defined by: g{v) = gi{vo) + (2| |, 0, 0), 
g{v') = gi{v'), for./ ^ v, and 4>{gi, gi{A,{T)) = {g, g{{A{r))). (Note: 
when \A\ = 2, ||^i|| = 0.) 
Let To : D{A(T),x) — ^ D{A(T),x) be defined by To{g, g{A(T))) = 
(t){g\Ai, g{Ai(T))). Thus, D{A(T),x) is identified as its codimension 1 subset 
(f){A{Ai(r), x))j and so is C{r;A). This identification map Tq : C{r]A) — >■ 
C{T; A) shall be called the identification map of type 0. 



1.3.2 Univalent inner vert ice 

Suppose A has more than two vertices and A(r) contains a univalent inner 
vertice v, that is, there exists a unique edge e = {v, w} containing v as its end- 
point. Let Ai — A — {v}, then Ai{r) has one less edge than A{r). We shall 
identify an element {g,g{A{r)) in D{A{r),x) with {gU,, g{A,{r)), ^^^^) 
in D{Ai{r),x) X S"^. Similar to the above case in 1.3.1, we may choose an 
embedding 0i : D{Ai{r),x) x — > D{A{r),x) such that 4)i{a) is iden- 
tified with a, for a in D{Ai{r),x) x 5^. And the identification map ti : 
D{A{r),x) D{A{r),x) is defined as nig,giA{r))) = M9\M,g{Aiir)), 
|g(^)Ig(^)| )- An explicit form of 0i is given in the following: 
' (3 ^ {g^,g^{A^{^))) e D{A{r),x), y e S', 
let ll^ill = max{\gi{vi) -^1(^2)!, Vi,V2 in Ai}, 

g : A — >R^, defined by g{v) = gi{w) + 2\\gi\\y, g{v') = gi{v'), for 
v' 7^ V. 

Then, (f>i{P,y) = (c/, ^(A(r))), it is an element in D{A{r),x). 
Now, Ti is defined on the fibres D{A{r),x) of C(r; A), we extend Ti to the 
whole C{r;A) in the obvious way. Thus, both D {A (L), x) and C (L; A) 
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are identified by ri into their proper subsets of codimension 1. 

Tfiis identification map ti : C{r;A) — > C{r;A) shall be called the 
identification map of type I. 

1.3.3 Bi-valent inner vertice 

Suppose A(r) has a bi-valent inner vertice v, that is, v is an inner vertice 
and there are exactly two edges ei, 62 which contain v as the endpoint. 

Assume ei — {v,wi} and 62 = {^,^2}. The identification map on 
D{A{T),x) (or C{T;A)) defined by: 
{g,g{A{T)))eD{A{T),x), 

letg: A — >R^ be: g{v) = g{wi) + g{w2) - g{v), and g{v') = g{v'), 

for v' 7^ V. 
knd,T,{g,g{A{V))) = {g,g{A{V))). 
T2 is a Sfe-map in the sense: $ o T2 = $ : D{A{V),x) — > is the 
canonical Sfe-structure. This identification map T2 : C{V;A) — > C{V;A) 
shall be called the identification map of type II. 

1.3.4 Edge Identification (Type III) 

Suppose A is equal to an edge e — {v, w} of F and A contains at least 
one inner vertice. 

Then, the identification map T3 : D{A{T),x) — > lElP^ is defined by : 
{g^g{A{T))) e D{A{V),x), r, : {g^g{A{T))) = [g{v) - g{w% and C{T-A) 
is identified with C{T / A) x RP^, by T3 also. This identification map Ts : 
C(r; A) — > C{V/A) X lE^P^ is called the identification map of type III. 

1.3.5 Non-edge Identification (Type IV) 

Suppose A has exactly two vertices and A is not an edge in F. 
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Then, the identification map T4 is exactly the bundle projection from 
C(T;A) onto C{T/A). Note: A{T) has no edge, this identification does not 
lose anything. 

dimC(r; A) — dimC(r/A), if and only if, A contains only base points. 

When A contains at least one inner vertice, it could be thought as a 
"special case" of type 0, in spirit. 



1.3.6 Summary of the identification maps 

(i) \A\ > 3, To,ri,r2 : C(r;A) C(r;A). 

(ii) \A\ = 2, T3,T4 : C(r; A) C{r/A) x P{A), 
where 

p( A\ — j IRP^) if ^(r) has one edge, 

[ {one point}, if A(r) has no edge. 

(iii) To,Ti send C(r; A) into codimension 1 subset; T4(C(r; A)) has dimension 
< dimC(r) -2, if A ^ Voir). 



1.4 Stable configuration space 

For any positive integer q, let C(r)(*) — C (F) x Bg, where Bg — 

niRPV^g- An element in C(F)(«) is a knot graph (g, F') together with g 

g 

points .^1, ^2, • • '^g in iRP^- C(F)(^) is called the g-stable extension of C(F). 
Similarly, C(F; = C(F;A) x Bg. 

1.4.1 Identifications 

Following section 1.3.6, we have the identification maps directly: 

(i) \A\ > 3, ro,ri,T2 : C(F;A)(«) ^ C(F; A)« 
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(ii) \A\ = 2, r3,r4 : C{T-A)^'i^ C(r/A)(''+^(^)), 
where e{A) is the number of edges in A{r). 

1.4.2 Combined configuration spaces 

Definition (1.13): Suppose F has no free vertice. order (F) = |-E(F)| — 
|yi(F)|, that is, the number of edges in F minus the number of inner vertices 
in F. 

Definition (1.14): Suppose F is a knot graph with order n and k edges. 
S{T) is the (3n - /c)-stable extension of C(F), i.e. C(F)(3"-*=). (it is a B^^- 
space). 

(1.15): Let S{n) be disjoint union of >S'(F), for all F with order n, and 
S{n) be the quotient space of S{n) by taking all possible identifications of 
type 0, I, II, III and IV. Thus S{n) has a canonical map 

$ : S{n) S3„. 

Is there any cycle a in S{ri) such that ^*{a) 7^ in H^{B^n) ? 
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2 P(/c)-structure 



2.1 The canonical P(A:)-structures 

P{k) denotes the space HiRP^; the product of k copies of lElP^. 

k 

Assume T has k edges. Choose an order for the edges (ci, 62, • • • , e^), 
= {vi, Wi}, i = 1,2, - ■ ■ ,k. Let ^ : C{T) — ^ P{k) be the continuous map 
defined by: for [g,g{T)) e C(r), g{T) is knot graph on 

^{9,90^)) = - 9{m)],[9{v2) - 9{w2)],---,[9{vk) -9{wk)]). 

Changing the order of edges, we have k\ different maps from C(r) to P{k). 
Let Ejfc • ^ denote the set of A;! maps, it is the orbit of Efe-action. All the 
maps in Efe • are called the canonical P( A;) -structures of C(r). 

Now, consider the boundary C(r;A), it is a fibre bundle over C{T/A) 
with fibre D(A(T),x). Assume T/A has ki edges and A{T) has k2 edges, 
ki + k2 = k. 

^1 : C{T/A) — > P{ki) denotes a canonical P(A;i) -structure of C{T/A), 
and : D{A{T),x) — > P{k2) denotes a canonical P(/c2)-structure of 
D{A{V),x), then the restriction of * to C{V]A), ^civ-A) = ' (^1,^2), 
for some permutation o" in E^. 

Note: To make sure the equality, ki + k2 = k, the ordered edge set 
(ei, 62, ■ ■ ■ , CfcJ of E{r/A) may have the same edge in different coordinates, 
that is, one edge may appear more one times in the ordered edge set. And, 
when the knot graph has multi-edge, S;^. ■ \E' does not have k\ different maps. 
But, there is no essential influence on the theories of this article. 



2.2 Stable P(r)-extension of configuration space 
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Definition (2.1): Suppose F is a knot graph with k edges and r is a 
positive integer. C(r) x P(r) is called the P(r)-extension of C(r). If is a 
subset of V"(r), D{A{T),x) x P(r) is called the P(r)-extension of D{A{T),x). 

We are interested in the P(r)-extension of C(r) and their canonical P{k+ 
r)-structure E^+r • ^, where : C(r) x P{r) — > P{k + r) is defined by: 

ig,giT))eC{T),{^,,^2r--.,&)ePir), 

^{{g, ^(r)), 6, 6, • • • , Cr) = {^{g, g{r))Ai, 6, • • • , 

Similarly, for D{A{T),x) x P(r). 

Now, consider the P(r )-extension of C(r) prescribed a canonical P{k+r)- 
structure, and the disjoint union of the all possible spaces is denoted by 
C(r) X P(r) X '^k+r ' ^) where '^k+r • ^ is a discrete space. 

Definition (2.2): Suppose F is a knot graph on K, the order of F is n 
and F does not have any free vertice. 

P(F) = C(F)xP(3n-/c)xE3„-*, 

where k = |-E(F)| and ^ is a canonical P(3?7.)-structure of C(F) x P{3n — k). 

In the following, we consider the identifications between the spaces P(F), 
or more general, C(F) x P(r) x Sj^+r • ^ . The identification maps in section 
1.3 have two forms: 

(i) |A|>3,t:C(F;A)^C(F;A) 
(type 0, type I or type II) 

(ii) 1^1 = 2, r : CiV- A) C{T/A) x P{A) 
(type III or type IV) 

(P(A) = P(|£;(A(F))|).) 
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All the identification maps directly give identification maps for C(r) x P(r), 
that is, 

f C(r; A) X P(r) C{T- A) x F(r), 
T X za . I ^^j^. ^ ^^^^ ^ C{T/A) X P(A) X P(r). 

Let T — T X idp(^r), for each case. 

Theorem (2.3): Suppose F is a knot graph and a subset A of V^(r) 
satisfies the condition of type 0, I, II, III, or IV in section 1.3. r is the 
corresponding identification map above. ^ is a canonical P{k + r)-structure 
for C(r; A) x P{r) and is a canonical P{k + r)-structure for T(C(r; A) x 
P(r)). Then, there is a 1 — 1-correspondence 

A : Efc+, • * — > Efe+, • 

such that, for any in Ek+r ■ ^, A(^i) or = on C{T; A) x P(r). In fact, 
A satisfies A(cr ■ \E'i) = a ■ A(\E'i), for any a G and \E'i G S^+r • ^, that is, 
A is E-equi variant. 

(2.4): Identification Rule 

f : C(r; A) X P(r) x Efe+^ • * — > C(r; A) x P(r) x Efe+^ • 
«GC(r;yl) xP(r),*iGEfc+,-^, 
f(a,^i) = (r(a),A(^i)). 

(Similar for the other case) 

Definition (2.5): A knot graph F is said to be normal if F does not have 
any one of the following three kinds of vertices: (i) free vertice, (ii) univalent 
inner vertice, (iii) bi-valent inner vertice. 



(2.6): Suppose ?7, is a positive integer. Let V{n) be the disjoint union of 
P(r), for all normal knot graphs F with order n, and V{n) be the space V{n) 
quotiented by all possible identifications of type 0, I, II, III and IV (given by 
the maps f on the boundary of P(F)'s). 
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Therefore, V{n) is a P(3n)-space, and has a canonical P(3n)-structure 
^ : V{n) — > P(3n), defined by: for a G C(r) x P{3n - k) and a 
canonical P(3n)-structure for C{T) x P(3n — k), 
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3 Infinitesimal knot graph 



Let ^0 denote the line of z-axis, {(0, 0,t) : tis a real number, and consider 
the configuration space C(r, Zq) of knot graphs on Iq. We shall define the 
translation and dilation on all C(r, Iq) and the extended translation and di- 
lation relation on part of C(r, Iq), for which F satisfies a splittable condition. 

3.1 The translation and dilation relation 

Definition (3.1): Assume {g,g{r)) and {g',g'{r)) are two elements in 
(7(r,/o)- {g,g{^)) and {g',g'{r)) are equivalent under the translation and 
dilation relation, if there arc real number A and t, X > 0, such that g{v) = 
Xg'{v) + (0, 0, t), for all v e V^(r). We may write the relation as {g, g{T)) ~' 

Notation (3.2): VFo(r) denotes the quotient space of C{TJo) by the 
translation and dilation relation. Thus, 

dim Wo{T) = dim C(r, Iq) - 2 

Definition (3.3): A knot graph F is said to be splittable, if there are 
subgraph Fi and F2 in F such that the following two conditions hold: 

(i) F = Fi U F2, that is, ■^^(F) = ■^^(Fi) U V(r2) and E(r) = £;(Fi) U E(r2). 

(ii) Fi n F2 is cither empty or a knot graph consisting of exactly one base 
point (no edge and no inner point). 

And F is said to be splited into Fi and F2 

Now, suppose F is splited into Fi and F2. Let p : Wo(r) — Wo(Fi) x 
Woir^) be the map defined by p{g,g{r)) = ((^|r„ ^(Fi)), (5r|r„ ^(F2))). 

Definition (3.4): Suppose F is splited into Fi and F2. Two elements a 
and (3 in Wo(r) is said to be equivalent under the extended translation and 
dilation relation, (simply, ETD relation), if p{a) = p{(3) in Wo(ri) x l/Fo(r2)- 
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Note: If Ti n T2 is empty, dim{Wo{Ti) x Wo(T2)) = dimWo(T) - 2. If 
Ti n T2 consists of a base point, dim{Wo(Ti) x Wo{T2)) = dimWo{T) - 1. 
Thus, Wo{T)/ETD has dimension at most dimC(r) — 3, and is also & P{k)- 
space. 

Now, we consider the boundary of Wo(r). For any A, a proper subset of 
y(r), that is, AcV{V) and ^^^(r), let Wo(r; A) denote the quotient space 
of C{T;A) (for the knot graphs on Iq) by the T.D. relation. Because Zq is 
a straight line, C{T;A) = C{T/A) x D{A{T),x) and D{A{T),x) is exactly 
Wo(A(r)). Thus, Wo(r;A) = Wq{T / A) x Wo(A(r)), which has dimension 
equal to dimWo(r) — 1. 

When A{T) has no base point, the T.D. relation for C(A(r)) is modified 
as follows: 

{g,g{A(T))) ~' {g' , g' {A(T))) , if there exist real number A and y € IR 
such that g{v) = \g'{v) + for all v & A. 

Wo{A{T)) = C(A(r), Zo)/T.D. relation 

= D(v4(r), x), for any x. 

Thus, 

dimH^o(^(r)) = dimC(A(r)) - 4. 

The extend T.D. relation could happen in Wq{V / A) and in Wq{A{V)). When 
A{V) has no base point, A{V) is sphttable, if and only if, A{T) is a disjoint 
union of Ai(T) and A2{V), for some Ai and A2. For example, F is the 
following knot graph: Vo{V)^ {xi, i ^ 1, 2, 3, 4, 5, 6, 7 },yi(F) = {y^, j = 
1, 2, 3, 4, 5 } and £;(F) = { {xi, yi}, {xs, yi}, {xg, ^2}, {3^4, ys}, {a^s, Vi}, 

{x6,y5}, {a;7,y5}, {^1,^2}, {^2,^3}, {?/3,y4}, {?/4,y5}}- ^ = {yi,y2,y4,y5}, 

A = {?/i, ?/2}, ^ = {?/4, ?/5}- Then A(F) is the splited into Ai(F) and ^(F). 

(3.5): If A{T) is the disjoint union of Ai{T), A2{T), ■ ■ ■ , Ar{T), then 
the extended translation and dilation relation associated with the splitting 
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{Ai(T),A2{T),---,Ar{T) is defined as following: a = {g,g{Ar))), a' = 
{g',g'{A{T))) are two element in Wo(^(r)), 

E.T.D. / .r I T.D. /I 

a ~ a , if g\Ai(r) ~ 9 Ui(r), 

3.2 The combined space Wo^n) 

Similar to the construction of V{n), let V{n, /q) be the disjoint union of 
P(r) of Iq, for all normal knot graph F with order n, and V{n, Iq) be the 
quotient space of V{n,lo) by the identifications of type 0, I, II, III or IV, 
defined in section 1.3. 

And, Wo{n) be the quotient space of P(n, /q) by the T.D. relations and 
the possible E.T.D. relations. 

We can understand Wo(7^) as the quotient space of disjoint union of 
VFo(r) X P(3n - k) X Eg^ • with further quotients by the E.T.D. rela- 
tions. 

Note: The E.T.D. relations considered include all the E.T.D. relation 
for configuration spaces and for the boundaries {Wo{T / A) or Wo{A{T)). 

3.3 The S'^-action on Wo{n) 

Identify with (T x II, 5^ may acts on IR^ by the multiplication on the 
complex plane part, that is, the rotation about the z-axis. 

Thus, also acts on C(r,Zo) : X e S\ (g,g(T)) e C(r,lo), X-(g,g(r)) = 

(A^,(A^)(r))- 

It is easy to sec that all the identification maps of any type in section 1.3 
are S'^-equivariant maps (for the case of Iq) and T.D. and E.T.D. relations 
are also compatible with the S'^-action. Thus also acts on >Vo(n). Fur- 
thermore, the S'^-action on also induces an S'^-action on eP^ and P{k), 
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and hence, the P(A;)-structure map ^' of >Vo(n) is 5'^-equivariant. 
Proposition (3.6): 

(i) Wo(r), yVo(ri) are semifree 5'-'--space. 

(ii) P{k) has a unique fixed point of the S'^-action. 
(Proof?) 

Notation (3.7): 7Y(n) denotes the set of all fixed points of iS^-action on 
Woin), and V{n) denotes the normal vector bundle oi7i{n) in yVo{n). 

We find the vector bundle T>{n) over 7i(n) has finite structure group. 
Roughly speaking, the reason is the following: Let -f^(r) be the fixed point 
set of Wo(r). It is not hard to find that 7i(n) is the union of H{r) and the 
restriction of the vector bundle T>{ri) to H{r) is trivial. And the identifica- 
tions of type to IV make the structure group isomorphic the semi-direct 
product of Z2 and E^, for some r. 

r 

If we consider the S'-'^-equivariant map ^ : >Vo(n) — > P(3n). ^0 denotes 
the unique fixed point in P{3n). Then 7i{n) = \l/~^(^o) and T>{n) is a complex 
vector bundle of 2n-dim, that is, fibre = C^". dim?i(n) = dim H{T) = 2n-2, 
for non-splittable knot graph F. 

3.4 The space of infinitesimal knot graphs 

For any x G S"^, Ix denotes the line {tx,t is a real number } with linear 

order : tiX < t2X, for ti < ^2- Let lVa;(r) = C(F, /3;)/T.D. relation and 

W{r)= U W^{r). Then W{r) is a fibre bundle over with fibre Wo(F). 
xes^ 

Consider the following 50(3)-action on W{r). a e -S0(3), {g,g{V)) e 

w^x(r), 

a ■ {g, g{r)) ^{a-g,{a- g){r)) e W^,(,)(F), 
where {a ■ g){v) = a{g{v)), for v e V(r). 
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Notation (3.8): For any S'^-spacc X, let S0{3) x X denote the quotient 

space S0{3) x X/{a,x) ~ {a\-\Xx), for a e S0{3), x e X, and Xe S\ 
where is identified with the 5'0(2)-subgroup of 5*0(3), which rotates about 
the z-axis. 

Thus, SO{3) X Wo{r) is naturally diffeomorphic to W{r) by the map 
sending (cr, a) — > a ■ a. 

>S'0(3) also acts on P{k). The map of P(A;)-structurc of W^o(r), ^1' : 
H^o(r) — > is a S'^-cquivariant map. \i/ induces a S'0(3)-equivariant 

map ^ : S0{3) x Wo(r) — > P{k), ^{a, a) = a ■ ^(a). 

^ is exactly the canonical P( A;) -structure of VF(r). Thus, we conclude 
the following: 

(3.9): Wo{T) and its 5'^-equivariant P( A;) -structure map * : Wo{T) — > 
P{k) completely determines the P(A;)-space W{V). 

With some abuse of notation, we may use ■ \I' to represent the set of all 
canonical P(A;)-structure of W^(r) and let VV(n) denote the quotient space of 
disjoint union of M^(r) xP(3n— A;) xS3„-^. Thus, W{n) is also equal to 5*0(3) 
X Wo(^^). And, the P(3n)-structure of W(n) is also completely determined 
by the S^-equivariant P(3n)-structure map ^ : >Vo(n) — > P{3n), as above. 
This suggests that the study of Wo(n) and the associated S'^-equivariant 
P(3n)-structure map will completely understand the "degree" of W(n), in 
the dimension 6n. 

The following Theorem will be proved in the next two chapter. 

Theorem (3.10): The degree homomorphism 

: //6n(W(n),*#(C»3n)) Hen{P{3n);Osn) ~ Z 

"become" a characteristic class of the complex vector bundle V{n) over T-C{n). 
(Thus, if V{n) has finite structure group, then the degree homomorphism is 
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zero.) 

In the next chapter, we shall develop a theory for the P( A;) -space with 
S'^-equivariant P( A;) -structure. 

Remcirk: In P{3n), let us consider the open set {(yi, 2/2, • • • > 2/3n) £ 
P{3n) : Ui is not perpendicular to the z-axis, for alH = 1, 2, • • • , 3n}, it is the 
canonical R^^ neighborhood of the fixed point ^o- Then the normal bundle 
V{n) can be identified with *-^(El^") canonically, and * : V{n) — ^ IR^" is 
an injective linear map on each fibre of ©(n). 
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§4 ^^-equivariant P(A:)-structure 

Suppose (X, /) is a P(A;)-space, X has an S'-'^-action and / : X — > P{k) 
is an S'-^-equivariant map. Let SO(X) — 50(3) x X, then SO(X) is also a 

SI 

P(A;)-space. In this part, we study the relation between the degree homomor- 
phism of P(A;)-space {SO{X),f) and the homomorphism : H^{X /S^) — > 
H^{P{k)/S^), and furthermore. 

4.1 The 5'^-action on P{k) 

P{k) = riRP^- For any A = e'^, < 9 < 2n, and {x,y,z) e R^ 

k 

X ■ {x,y, z) = {x cos 9 — ysm6,xsm9 + y cos 9, z). This gives 5'^-action on 
and lElP^. For n-S"^ and ^iRJP^ acts on them diagonally that is, 

k k 

A • (yi, ?/2, • • • , ?/fc) = ('^ • 2/1, A • 1/2, • • • , A • yfe). Suppose X is a S'^-space. xq in 
X is said to the fixed point of the iS^-action, if A ■ xq = xq, for all A G S*^. 
The iS^-action on X is said to be free, if A ■ x 7^ x, for all A 7^ 1, and for all 
X G X. The S'^-action on X is said to be semifree, if X-(the fixed point set 
of the S^-action) is free. The following are the main S^-spaces we need: 

(i) The 5'^-action on HS'^ is semifree, and its fixed points set is H (fixed 

k k 

point set of S^), which has 2^ elements, 
(n) The S'^-action on P{k) — HEP^ has only one fixed point. 

k 

Defintion (4.1): For any S'^-spacc X, let SO{X) denote the quotient 
space 6*0(3) x X. that is, 150(3) x X quoticntcd by the equivariant relation: 
for a G -50(3), x G X, A G 5^ (cr, Ax) ~ {aX-^ ■ x). 

{S^ is the identified as the subgroup of rotations about the z-axis in 
S0{3).) 

Let Fix (X) denote the set of fixed points in the S'^-space X. For any 
i > dimFix(X), there is a homomorphism /3i from Hi{X/S^) to i7j_|_i(X). 
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Similarly, SO (3) x X is a S'^-space : A ■ (cr, x) = (a A ■ x), there is a ho- 
momorphism P2 ■ Hi+3{SO{X)) — > Hi+4{SO{3) x X) and P : Hi+i{X) — > 
Hi+,{S0i3) X X). 

Consider the following diagram 

H,+,{X) H,+,{S0{3) X X) 



Hi(X/S') A Hi+,{SO{X)) 

It is obvious that Im{(3 o Pi) c Im{(32). 

Question: Is there a homomorphism (5 : Hi(X / S^) — > i/i+3(5'0(X)) 
such that the above diagram is commutative? Actually, (3 is completely an 
analogue of Pi. SO{X) is an S'0(3)-space, (t[(Ji,x)] = [((to-i, x)], and orbit 
space SO{X)/ S0{3) is exactly X/S^. If we assume that the 5'^-action on X 
is semifree, then the fibre map 5*0 (X) — > X/S^ has fibres homeomorphism 
to 5*0(3) except over the fixed points. Therefore, the homomorphism P : 
Hi[X/S^) — > Hi^3[SO{X)) exists and satisfies the functorial property: for 
any S'^-equivariant map / : X — > Y of semifree 5'^-spaces X and Y, i > 
dim(Fix(X)) (and dim(Fix(y)), the following diagram commutes: 

H,{X/S') . H,+s{SO{X)) 



f* 



Hi{Y/S') > Hi+^{SO{Y)) 

Why we need the condition i > dim Fix {X)7 

When i > dim Fix (X) , we may assume there is a cell decomposition of 
X/S^, such that Fix (X) C the {i — l)-skeleton oi X/S^. In a corresponding 
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cell decomposition in X, the behavior of Fix (X) will not affect the boundary 
operator of {i + l)-cells. 

Remcirk: If dimX — i + then /3i,/?2 and P are all isomorphism and the 
existence of /3 is obvious. When applying the theory in Chapter 5, it is the 
situation. 

4.2 P(/c)-space with a semifree /S^-action 

Suppose X is a semifree S'^-space and / : X — )■ P{k) is an S'^-equivariant 
map. ^0 denotes the unique fixed point of 5'^-action on P{k) and Y de- 
notes the inverse image /~^(^o)- Furthermore, let Uq be an S'-'^-invariant 
contractible open neighborhood of in P{k) and Ui = /^^{Uq), it is an 
S'^-invariant open neighborhood of Y in X. Then, Uq — Co and Ui — Y are 
free S'-'^-spaces. 

Let 7 : X/S^ — > P{k)/S^ be the map induced by /, and / : SO{X) — > 
P{k) be the map defined by: 

/(o-,x) = a ■ f{x). 

Let O be the orientation sheaf of P{k), O be the orientation sheaf of 
P{k)/S^ such that 7r*(0) = O, where tt : P{k) — ^ P{k)/S^ is the quotient 
map. 

The homomorphism /? described in the last section 4.1, together with the 
local coefficient O give the following diagram: 
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H,,_^{X/S\-f*{0)) -^-^ H,,{SO{X)J*{0)) 
H2k-s{P{k)/S\0) -^-^ % > H,k{SO{P(k)),0') 
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When / restricts to Ui - Y/S\ we have /: (f/i - Y/S^) — > {Uq - ^o/S^). 
Consider 

^ Z. 

Theorem (4.2): If H^k-^Ui - Y/S') ^2fe-4([/o - ^0/^'] is a 
zero-homomorphism, then the degree homomorphism : H2k{S0{X), ^^{O)) 
— >_H2kiP{Sn),0) sends /3{x) to 0, for all x e H2k-3{X / S\J* (O)) . (That 
is, 0^/0/3 = 0.) 

Note: In the statement, we do not need the commutative property: 
SO{f)^ o p — f^o probably, it is true, but I never prove it. (because P{k) 
is not semifree) 

4.3 Preliminary to the proof of Theorem (4.2) 

Y[S^ is the universal covering space of P{k), let S{k) = YiS^ and q : 

k k 

S{k) — > P{k) be covering projection. 
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Let M the pullback of S{k) hj f : X — > P{k), that is, M = {{x,y) e 
X X S{k) : f{x) = q{y)}. Thus, we have the following commutative diagram. 

M — ^ — > S{k) 

(4.3) 1^' 1' 

X ^ P{k) 

S{k) is also a S'^-space and g is a S^-equivariant map. acts on X x S{k) 
by: Xe S^, X- {x, y) = {Xx, Xy). 

If {x, y) G M, X ■ {x, y) is also in M. This defines an S'-'^-action on M 
such that both g : M — > S{k) and the covering projection q' : M — > X are 
5'^-equivariant. This means that the diagram (4.3) is a commutative diagram 
of S'^-equivariant maps. This induces the following commutative diagram of 
S'0(3)-equivariant diagram. 

SO{M) — ^ S{k) 

(4.4) i^^^^') y 

SO{X) — ^ P{k) 
(Note: q is originally an S'0(3)-equivariant map). 

Because q' : M — > X is an S'-'^-equivariant covering projection and X 
is assumed to be a semifree S'^-space, M is also a semifree S'^-space. Thus, 
both X and M provide /9-homomorphism from H2k-3{{-) / S^) to H2k{S0{-)). 
They form the following commutative diagram 
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H^k-siM/S') ^ H,,{SO{M)) A H,,{S{k)) 
(4 5) 1^* [so{q'). I?* 

H,,_,{X/S\J*(0)) ^ H,^{SO{X)J*{0)) h H2k{P{k),0) 

(The local coefficients for M/S^, SO{M), and S{k) are trivial.) 

Proposition (4.6): f*oPx — 0, if and only if, o Pm — 0. 

Proof: Because H2k{S{k)) H2k{P{k),0) Z, it is enough to show this 
proposition for the coefficient over rationals Q. But, when over rational, both 
: H2k{Sik)) H2kiPik),0), and 7, : H^k-ziM / S^) H^k-^iX / S^) 
are isomorphisms. By the commutative property of (4.5), we prove this 
proposition. (Note: M/S^ — > X / is also a covering space) 

In this next section, the problem will transform to the iS^-equivariant 
<S'(/c)-map, g : M — > S{k), and the associated maps. 



4.4 Proof of Theorem (4.2) 

Let F denote the fixed point set of the S'^-action on S{k). F has 2*^ 
element, V = q~^{Uo) has 2*^ components Vy, for each y E F. Each Vy is 
diffeomorphic to Uq by q. U denotes the inverse image g~^(y), N denotes 

g~^{F). Similarly, U is the disjoint union of Uy, for y E F, and = U Ny, 

yeF 

where Ny — g~^{y), Uy — g~^{Vy), for y E F. Note: is a contractible open 
neighborhood of y, (yeF), Hi{Vy) = 0, Hi{V) = 0, for i > 0. 

Consider the commutative diagrams 

H2k-3{M/S') H2k{SO{M)) H2k{S{k)) 

(4.7) 1^* [so{9)* / a* 

H2k-z{S{k)/S^) H2k{SO{S{k))) 
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where a : SO{S{k)) — > S{k) is given by a{a,y) = a ■ y (thus, o f^M — 
oi* o psog*), and 



(4.8) 



H2k-^{M/S^) 



H2k-3{M/S\M-N/S^) 



i{in 



H2k-s{U/S\U-N/S') 



9, 



H2k-3{S{k)/S') 

(/):injective 
H2k-3{S{k)/S\S{k)-F/S') 
1(11) 

H2k-3{V/S\V-F/S^) 

mi) 



H2k-4{U - N/S'] 



H2k-4{V - F/S') 



© H2k-4(Uy - Ny/S') e H2k-4(Vy " V / S') 

Lemma (4.9): 

(i) The map (I) is an injective homomorphism. 

(ii) The map (II) and (IF) are excision isomorphism. 

(iii) The map (III) is an isomorphism. 

We shall prove Lemma (4.9) later and use the results in (4.9) to finish 
the proof of Theorem (4.2). 

By the commutativity of (4.7), if = in dim(2A; — 3), then o (3m — 0. 

By the commutativity of (4.8), if g^= in dim(2A; — 4), then = in 
dim(2/c — 3). But, g^ is the direct sum of ((jy)* : H2k-A{Uy — Ny/S^) — 
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H2k-4.{Vy — y/S^), for y E F. And, for each y E F, Qy is just a copy of 
/: Ui - Y/S^ — >Uo- io/S^. Thus, if ~f = in dim(2A; - 4) then 1]= in 
dim(2A; — 4), and hence, o (3m — which is equivalent to f*o(3x = 0. 

Now return to Lemma (4.9), (ii) and (iii) are obvious. To prove (i), it is 
enough to show that H2k-3{S{k) —F/S^) is trivial. In next section, we study 
S{k) — F and prove the result (4.13) we need. 

4.5 The space S{k) - F 

Let Fo = {(0, 0, 1), (0, 0, -1)}, the fixed point set of S^. Let T = ~ Fq. 
Then 

S{k) -F^{Txl[S^)U{S^xTxY[S^)U---U{Txl[ S"^). 

k-l k-2 k-l 

Lemma (4.10): If F is a S'^-space, then Y x S^/S^ is homeomorphic to 

Y. 

Proof: f -.Y — ^ y x ^V^^, f{y) = {y, 1), and ^ : F x ^V^^ — > Y 
by g{y, A) = • y. Then both fog and g o f are identity map. 

Because T = (0, 1) x S\ T/S^ ^ (0, 1) and TxS{k- 1) is homeomorphic 
to (0,1) X S{k-1). 

Thus Hi(T X S{k - 1)) = 0, i > 2A; - 2, H2k-2{T x S{k - 1)) ^ Z and 
H2k-3iTxSik-l))^0. 

Let = T X S{k - 1), X2 = x T x S{k - 2), Xi = S{i - 
1) X T X S{k - i), ■ ■ Xk = S{k ~ 1) X T, T = S'^ - {(0, 0, 1), (0, 0, -1)}. 
Xi = S{i — 1) X T X S{k — i), it is an open subset of S{k). Xjj^jj,---,*^) 
ii < ^2 < ■ ■ ■ < V, is the intersection of Xi.j=i^2,---,r, that is, Xi^ fl Xi^ fl ■ ■ ■ fl 
Xi^. {Xi, X2, ■ ■ ■ , Xk} is an open covering of S{k) — F. Let Yi = Xi/S^, 
Y = S{k) — F/S^. Then {Yi, Y2, ■ ■ ■ , Y^} is an open covering of Y. Similarly, 
let Fii,j2,...,i, = n n ■ ■ ■ n F^^, it is equal to Xi^^i^^...^iJS^. 
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Homology of i^n.ia, ,v dimensions 2k — r — 2 and 2k — r — 3 

Without loss of generality, it is enough to understand if2ifc-r--3(^i,2, -,r-) 

and H2k-r-2iYl,2,-,r)- 

1. r=l. i/2fe-3(n): 

Xi — T X S{k — 1) which has the equivariant homotopy type as S'^ x 
S{k — 1), the map 

X S{k - 1) ^ Xi 

{\,y) (A,0,y), 

sending into the equator of T C -S^, is an explicit equivariant homo- 
topy equivalence. Thus Yi = Xi/S^ ~ 5^ x S(k - 1)/S^ fa S{k - 1). 
Thus, i/2fc-3(^i) = 0,Vz = 1,2, ■■■,/(;. 

Consider the embedding 

i^'^-.S^x S{k - 2) — > Xi, 
: (\y) = (Aa,A6,?/), 

where a E T, b e S^, {Xa,\b,y) e T x x S{k - 2). Imi^^ is a 
{2k — 3)-dim. S^-invariant set in Xi. Similarly, we may define 

ij' : X S{k-2) — >Xi,2<i<k, 
^'{K{yi,y2)) = {Xa,yi,Xb,y2), 

where yi E S{i - 2), ?/2 G S{k -i), aeT,be S^. 

ip"^, ip"^, ■ ■ ■ ,if)'' represent k—1 independent homology classes in H2k-4:{Yi). 
To specify the classes in i^2A;-4(^i), we denote by ipl, i = 2,3, ■ ■ ■ , k the 
embeddings in Yi. 
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(Note: a & T and h E S'^ are two chosen points and y, yi, 2/2 denote the 
variable in S{k — 1), S{i — 2), S{k — i), respectively) 

Similarly, we have V'j : x S{k - 2) — > Xj, i = 1, 2, • • • , j - 1, j + 
1, j + 2, • • • ,k, embeddings in Xj, which represents (2A; — 4)-dimensional 
homology classes in Yj. 

2- H2k-4:{yi,2)- 

Consider the embedding 

(fiu ■■ X S{k - 2) — > Xi,2 = T xT X S{k-2), 
Vi2{\y) = (Aa, \h,y), 

where a, 6 are constant points in T and (/ is a variable in S{k — 2). 
Lpi2 represents the only independent class in -f^2fc-4(^i,2)- Similarly, 
embedding 

V?ii,i2(^i < ^2) : X S{k - 2) — ^ X^,i2 
represents the only one independent homology class in l^i^jj- 

Consider the embedding 

^1^2 -.S^xS^x S{k - 3) — > Xi,2, J > 3 
^12(^1, A2, 2/1,^/2) = (Aiai, A202,yi, Ai6,y2), 

where Ai, A2 are variables in S^, Oi, 02 are constant points in T, 6 is a 
constant point in S^, yi is a variable in S{j — 3) and y2 is a variable in 
S{k-j). 

Then the image of ipl 2 is an S'^-invariant (2A; — 4)-dimensional subset of 
^1,2, {j could be an integer from 3 to A;). These embeddings represent 
{k — 2) independent {2k — 5)-dimension homology classes in ¥1^2- 
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3. i?2fe-5 (^1,2,3): 

Consider the embedding 

¥'},2,3 --S'XS'X Sik - 3) — . Xi,2,3, 

^1,2,3(^1^ ^2, y) = (AiOi, A1O2, A2a3,y). 
Similarly, ^1^2,3(^1^ ^2, y) = (AiOi, A2a2, Aiag, y). 

Then, <y9^ 2,3 ¥^1,2,3 represent 2 independent homology classes in 

^1,2,3- 

-f^2fc-6 (^1,2,3)- 

Consider the embedding 

2,3 -S^xS^xS^x S(k - 4) — > Xi,2,3, i > 4, 

V'l,2,3(Al, A2, A3,yi,|/2) = (AiOi, A2a2, Agag,!/!, Ai6,?/2), 

where yi is a variable in S{i — A), 1/2 is a variable in S{k — i), Oi, 02, 03 
are constant points in T, 6 is a constant point in 5"^, e S^, j — 1, 2, 3. 

Then "01 2,3; ^ = 4, 5, ■ ■ ■ , /c. represent (A; — 3) independent homology 
classes in yi,2,3- 

4- {H2k-r-2{Yh,i2,-,ir)) 

Simply: i?2fc-r-2(>l,2,-,r), 

r=l 

'^i,2, --,r-(Ai) A2, • • • , Xr-i,y) — (AiOi, Aia2, A2a3, A3a4, • • • , A^-ia^, y), 

Aj, i = 1, 2, • • • , r — 1 are variables in S^, ai, 02, • • • , a,, are constant 
points in T, y is a variable in S{k — r). 

')^l,2,...,r(Al,A2,---,A^_l,|/) 
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— (AiOi, A2a2, Aia3, A3a4, A4O5, • • • , A^-ia^, y) 

¥'i,2,-,r-(Ai,A2,---,Ar_i,^/) 

— (AiQi, A2a2, X^a^-i ■ ■ • Xr-icir-i, Aittr, y) 

(Remark: <^l,2,-,r(Ai, A2, • • • , A^.i, y) = (AiOi, • • •, AiOj, ■ ■ ■ y)) 

^i,2,-,r^ Vi,2,-,r^ ' ' Vi,2,-,r ^present (r - 1) independent homology 
classes in li 2 ... r- 

(Note: Yi^2,-,r is homotopy equivalence to (H S^) x (H •5'^), rank 

) — 1 A;— r 

H2k-r-2{yi,2,-,r) = T - 1.) 

if2ifc-r-3(>^n,i2,-,v)> 1 < ii < ^2 < • • • < V < ^: 

For convenience, consider ii = 1, ^2 = 2, ■ ■ ■ , = r. 
Let 

V^i,2,-,r -JlS^ X S{k-r -I) — > ^i,2,..,r be defined by : 

r 

'^i,2,-,r(Ai, A2, • • • , A^, 1/1, 2/2) = (Aiai, A2, a2, • • • , A^a^, yi, A16, 1/2) 

where A; > i > r + 1, yi e ^(i — r — 1), ^/2 G S{k — i), Oi, 02, • • • , are 
constant points in T, and 6 is a constant point in S^. 

'4^iSl--,rj V'i^^..,r) ■ ■ ■) ^1,2, represent (A; — r) independent homology 
classes in 1^1,2,. ..,r- 

Note: yj^,j2,...,i,, is homology equivalence to H -S"^, thus, i/2fc-r-3(^n,i2,-,jr-) 

r—l k—r 

has rank (k — r). 

Let be the direct sum of i^2A;-r-3(^i,i2,.--,ir)5 (^i?'^2) ■ ■ ■ i^r) sat- 

isfying 1 < 2i < ^2 < ■ ■ ■ < V < ^- And Gii,j2,...,v+i be the subgroup of Gr, 
generated by the (r + 1) elements ^l^.is,-,^!' ^ili3,-,ir+i^ ' ' '^hT2,-,ir^ 
any (ii, Z2, • • • , V+i) satisfying 1 < ii < ^2 < • • • < v+i < /c- 
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Thus, 

— G^n,i2,--,V+i- 

l<il<«2<---<ir+l<fe 

Let 

d ■ ■ -Y- ■ — > Y - 
be the inclusion, 1 < j < r, and 

r 

be the homomorphism 

Proposition (4.11): ?7ii,i2,...,v sends H2k-r-2{Yii,i2,-,ir) injectively into 

G'ji,.t2,. -,v, which is a subgroup of Gr-i. 

Let Hr be the direct sum of homology groups H2k-r-2(Xii,i2,---,ir)i 
(ii, Z2, • • • , v) satisfying 1 < ii < Z2 < • • • < v < A;. And Cr- ^ -f^r — ^ G^-i be 

the direct sum of r7n,i2,-,v, that is, Cr-((Q;7i, a72> ' • • > ^/J) = E Vhic^ii): where 

1=1 

/j is some (ii, ^2, • " " > v)- Thus, we conclude 

Corollary (4.12): (r '■ Hr — * Gr-i is injective. 

Proof of Proposition (4.11): It is enough to check the following 
facts: 

(ii) Pi,2,- -,r ° V'i,2,- -,r — V^2,3,-,r> i > 2. (at Icast, represent the same 
homology class) 

(iii) pi,2,--,r ° fi2 ■■■ r homotopic to a map which has image with less 1 
dimension in Y, „ 7 , for i > 2 and j ^ 1, i. 
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Thus, Vi,2,-Afi,2,-,r) = (1, 0, • • • , 1, 0, • • •) in Gi,2,...,r, for i > 2. 
Im{r]i^2,-,r) has rank at least r — 1. But, rank (i72fe-r--2(^i,2, --,r-)) — r — 1. 
Theorem (4.13): H2k-z{S{k) - F / S^) = 0. 

Proof: S{k)-F/S^ = YiUY2lJ-- -UYk in S{k)/S\ By standard spectral 
sequence argument, the following facts will implies i/2A:-3(^i UI2 U • • - UYk) — 
0. 

(i) i/2fe-3(1^0=0, fori = 1,2,- 

(ii) © H2k-4{Yi n Yj) ^ © H2k-4{Yi) is injective. 

l<i<j<k l<i<k 

(iii) © H2k-5{yir\Yjr\Yi) ^ © H2k-5{yir\Yj) isinjectiye. 

l<i<j<l<k l<i<j<k 

(iv) , • • •, etc. 

where (^r is the direct sum of the natural maps, for example r — 3, rjij^i is the 
composite map 

{Yi nYjHYi) > {Yi DYj) ® H^Yi nYi) ® {Y, n Yi) 

1 

© H^YaDYb) 

l<a<b<k 

and Cs = E 

l<i<j<i<fe 
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§5 Normal bundle of the fixed point set in 

Wo 

yVo{ri) is a complicated C. W. complex, it is not clear that a subspace in 
Wo{n) has a meaningful normal vector bundle. But, the fixed point set H{n) 
does have a 2n-dimensional complex vector bundle as its normal in Wo{n). 

5.1 Inhomogeneous coordinate of P{k) 

p : — R^ — > CIP^, p{x, y) = [(a;, y, 1)], maps C homeomorphically onto 
an open set of RP^. 

Pfe : (T'^ — > P{k), Pfc(Ai,A2,---,Afe) = (p(Ai),p(A2),---,p(Afc)), maps C*^ 
homeomorphically onto an open dense set of P{k) = Y[RP^- Co denotes the 

k 

fixed point of the 5'^-action on P{k) which is defined in section 4.1. pjfc((D'^) 
is a contractible open neighborhood of ^o- 

Let Uk denote the open neighborhood Pk{G^^) of ^o- 

Suppose r is a knot graph. As in section 3.1, H^o(r) is the configuration 
space of infinitesimal knot graph on the line Iq of 2;-axis, : M^o(r) — > P{k) 
is a canonical P(A;)-structure. 

Suppose / : r — > V is an equivalence of knot graphs and V is a knot 
graph on /q- For any v G ViV), f{v) is a point of IR^. Identify IR'^ as (D x IR, 
and write the function / : V{r) — > R^ as {g,h), g : V{r) — > (D and 
h : V^(r) — > R. Thus, the function g, satisfying 5'|vb{r) — 0, is called a 
ground function of F and the function h, preserving the linear order of base 
points in Vo(r), is called a height function of F. A ground function g of T 
together with a height function hofT forms a knot graph on Iq. But a height 
function could be thought as a knot graph whose vertices are all on the line 
lo. 

Suppose r has s inner vertices. C(r, /q) is "almost" an s-dimensional 
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complex vector bundle over the space of all height function, and Wo(r) is 
also "almost" an s-dimensional complex vector bundle over the space { all 
height function of F} / translation and dilation relation. The relation is the 
following: 

hi, h2 are two height function of F, 

hi ~' /i2, if there exist A > and real number t such that hi{v) — 
Xh2{v) + t. 

But, we are more interested in the knot graph / = {g,h) on /q which is in 
■^-\Uk). Why? 

Suppose F has edges ei = {vi,wi}, 62 = {v2,W2}, • • •, = {vk,Wk}. 
Then 

^(/)( more formally /(F))) 

= iifivi) - f{wi)], [f{v2) - f{w2)], [f{vk) - f{w,)]). 
When*(/) is mUk = pk{e), 

f]]= ( 3^'"^^ ~ 9{v2) - gM g{vk) - gjwk) \ 

^ ^^^^ \h{v,)-h{Wiy h{v2)-h{w2y"'' h{Vk)-h{Wk))- 

Thus, in the coordinate system pk : (C'' — > Pi^), the P(A;)-structure 
^ : PVo(r) — ^ P{k) is an injective fibre- wise linear map. 

To formulate the statement above precisely, let us consider the following 
definitions. 

Definition (5.1): Suppose gi : V{r) — > (D are ground functions and 
hi : V{r) — )• R are height functions, i — 1,2. (gi^hi) is equivalent to (5^2 , h2) 
under the translation and dilation relation, if there exist real number A and 
i, A > 0, such that gi{v) — Xg2{v) and hi{v) — Xh2{v) + 1 for all v e V{r). 

Thus, Wo(F) is contained in and "almost" equal to the space {{g,h) : g 
is a ground function of F and /i is a height function of F} / T.D. relation. 
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(Recall: g'|vb(r) = and h preserves the linear order of base points, that is, 
if xi < X2 in Vo(r), then h{xi) < h{x2).) 

Definition (5.2): Suppose F is a knot graph. D{r) denotes the subspace 
of Wo(r), {(g,h) e Wo{r) : h{vi) ^ h{wi), for all e, = {vi,Wi} in E(r)} / 
T.D. relation, and H{r) = {h : V{r) — > R : h{x) < h{x'), for any two base 
points X < x' in Vb(r), and h{vi) ^ h{wi), for all edge = {vi, Wi} in -E'(r)} 
/ T.D. relation. Then x H{r) = {(0, h) : h e H{r)} is a subspace of D{r), 
also, a subspace of Wo(r). 

Proposition (5.3): 

(i) D{r)^^-\u,) 

(ii) X H{T) = ^"^(^o), it is the set of all fixed points of S'^-action on Wo{T) 
given in section 3.3. 

(iii) Assume F has s inner vertices. -D(r) is an s-dimensional complex vector 
bundle over -f^(r). 

(Proof is straightforward and is omitted) 

For convenience, we identify H{r) as x H{r). Thus, a height function 
is also a knot graph on Iq. But, there is no way to think a ground function 
as a knot graph on Iq. 

Let D{r)fi — {{g,h) : {g,h) e ^(r)}) is the s-dimensional complex 
vector space over h. The vector bundle D{r) over H(r) is trivial, but there 
is no canonical basis. 

Proposition (5.4): Suppose F is a knot graph and h is a height function 
in H{T). Then, the restriction of p^^ o ^ to D{T)h is an injective linear 
map from D(r)h to (D*^. (Note: order (F) = A; — s is always positive.) 

(Rigorous consideration of injectivity is in section 6.2 and 6.3 . ) 
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Question: Could : D{T)h — ^ (D^ continuously extend to the bound- 
ary of H{T)7 (What is the boundary of H{T)7) 

To answer the question, there are still many works to do. For convenience, 
we abuse the notations: to denote p^^ o ^ also by ^. Then 



where 

f (^^) = Tr\ — It^T' = {vi,Wi}. 

h h{vi) - h{wi) 

And the fibrewise linear map associated with Wo(r) x P{t) is \E' x id(^r 
: -D(r) X (C^ — >■ C*^"'"''. And wc also denote the stable fibrewise linear 
map by For any a in a : — > (D''+'', o-(Ai, A2, ■ ■ ■ , A^+r) = 

(Ao-(i), Ao-(2), • • • , Ao-(fc+r)), is a linear isomorphism. Thus, E^+j. ■ ^ will consists 
of all the fibrewise linear maps associated with all the canonical P{k + r)- 
structure of TFoir) x P(r). Similar to the construction of Wo(n), let V{n) 
be the disjoint union of -D(r) x (LJ^n-fe ^ , j^^, ^^jj normal knot graphs 
r with order n, and let TC{n) be the disjoint union of H(T) x • "if, for 
all normal knot graph F with order n (note: the function \E', multiplied with 
H(r), is the same as the function ^, multiplied with D(F) x Then 
V{n) is a 2n-dimensional complex vector bundle over T-C{n). Now, we need 
identify the components in X'(n) and 7i{n) along their boundaries. 

Their boundaries are similar to the boundaries of configuration spaces 
C(F). With the boundaries, -D(F) will be substituted by its base-compactification 
and so are H(r). 

5.2 Boundary of Wo{r) 

There is a special identification in the boundary of Wo(F) we should do 
prior to the other identifications. 
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Suppose A{r) is the disjoint union of connected components Ai{r), A2{T), ■ ■ 
and Am{T), where A is the disjoint union of Ai, A2, ■ ■ ■, and Am- The asso- 
ciated extended translation and dilation relation is called a special extended 
translation and dilation relation, or simply, a S.E.T.D. relation associated to 
{A,r). (see (3.5) in section 3.1) 

Notation (5.5): 

(i) Q{A(T)) is the space Wo(A(r)) quotiented by the S.E.T.D. relation asso- 
ciated with {A, r). 

(ii) Q(r;A)^Wo(r/A)xQ(A(r)). 

Remark: Q{A{r)) is exactly a subspace of Wo{Ai{r)) x Wo(^2(r)) 
X • • • X Wo{Am{T)), and Q{r; A) is the more quahfied boundary than VFo(r; A), 
because of the following proposition. 

Proposition (5.6): Outside some odd part, Wo{r)\jQ{r; A) with the 

A 

natural topology is an s-dimensional complex vector bundle over its fixed 
point set Fix(Wo(T)[jQ(T; A)). (In this proposition, WoiT) return to its 

A 

original space without compactification and Wo(r) U Qi^'i ^) is a locally com- 

A 

pact space containing Wo{T).) 

Proof: Let Fix (F) denote the space Fix (VFo(F) U Q(F; A)). 

A 

We first define the bundle projection 

7r:(w^o(r)U<5(r;A)^Fix(F), 

A 

{g,h)eWo{T),n{g,h) = {0,h), 

similarly, for 

fo^{9o,ho)eWo{r/A) 
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and 



fi^{gi,hi)eWo{A{T)), i = l,2,---,m, 
a={fo,fi,f2,---,fm)eQ{T-A), 
7r{a) = ((0, ho),{Q, h),---,{Q, M). 

Then P = ((0, ho), (0, /ii), ■ ■ ■ , (0, hm)) is in Fix (F). 

But 7r~^{P) may contains more elements other than that in Wo(r;^)- 
If / = {g,h) G VFo(r) such that g\Ai is constant, for each i = 1,2, ■ ■ ■ ,m 
and h = ho, then 7r[f,[gi,hi), ■ ■ ■, {gm,hm)) is also equal to Although 
7 = (/, {gi,hi), ■ ■ {gm,hm)) is not in the interior of a codimension 1 
boundary VFo(r; A'), for some A', 7 is in the boundary associated to the sets 
{Ai, A2, ■ ■ ■ , Am)- Thus, 7T~^{j3) is the vector space G = {(((/, /iq), {gi,hi), 
■ ■ -, {gm, h„i)) : g : V^(r) — > (D, g\A, is constant, for each i = 1,2, ■ ■ ■ ,m, and 
g(j : Ai — > (D, z = 1, 2, • • • , m} quotiented by the following relations: 

7 = ((fi',/io),(^i,/ii),---,(5'm,/im)) and 7' = {{g',ho), {g'i,hi), 
{g'mi hm)) are two elements in G, 

7 ~ 7', if there exist complex numbers C\,C2, - ■ ■ ,Cm such that gfj = 
g[ + Cj, for each i = 1, 2, ■, m. 
Thus, 7r~^(/3) has a natural vector space structure and has s dimension. 

And the set G'{ho) — {{g,ho) G l/Fo(r), for some i, g\Ai is not con- 
stant } which contains elements in n^^ ((0, ho)) but not 7r~^ ((0, ho), (0, hi), 
{0,hm)), for any hi, h2, ■ ■ ■ , hm, K : Ai — ^ IR, it is the odd part of 
Wo{r)\JQ{r; A) in the fibre over /3. This proves (5.6). 

A 

Remarks on the proof of (5.6): 
(i) In Wo{T)\JWo{r;A), if g{Ai) = g{Aj), for some i ^ j, there is an 

A 

unnecessary compactification in Wo(r;A), which destroies the natural 
vector space structure. 
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(ii) Consider the following commutative diagram 

Q(r;A) Wo{T/A) 



Fix(Q(r;A)) -^-^ Fix(Wo(r/A)) 

13 > ho 

where q{ho, hi,---, hm) = h^ and g'(/o, /i, /2, ■ ■ ■ , fm) = /o- Although g 
is onto obviously, 7r~-'^(/io) is larger than 7r"^(g"^(/?,o)) = g'~^(7r'~^(/io))- 
And the odd part G'{ho) is equal to 7r~^(/io) — {q~^ (ho)) , which is 
contained in Wo(r) and not in Q(r;A). 

(iii) Suppose : Wo{T)[jQ{T; A) — P{k) is a canonical P(A;)-structure. 

A 

The complement of ^~^(?7fc) is exactly the odd part. 

(iv) With some abuse of notation, we may denote Wo(r) (J Q(r; A) by VFo(r) , 

A 

the odd part of Wo{r) by Odd{Wo(r)), and Wo{r) - Odd{Wo{r)) by 
D{r). Then ^ : D{r) — > (C*^ is the fibre- wise injective hnear map, 
which has a simple form as follows: 

(Case 1) Interior of VFo(r). 

f-{9,h), 

^(/)-(f(eO,f(e.),--,f(e.)) 

(Case 2) Codimension 1 boundary (v4(r) has only one connected com- 
ponent). 

« = (/o,/i), /o = {go, ho), go\A and /iqU are constant, /i = {gi,hi), 
gi : A — > (D, hi : A — > IR. Assume ei, 62, • • • , are in A{r). 
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(Case 3) ^(r) has more than 1 connected components. 
"if has similar form as in (case 2). 

(Note: (i) if e = {v, w}, f = fgEfg}, (ii) * is, in fact, p^' o 

5.3 Identification maps of vector bundles 

A vector bundle map is a (bundle) map between two vector bundles, which 
is fibrewise linear isomorphism. Now, we consider all the "identification" 
vector bundle maps come from the identification map in section 1.3 except 
the identification maps of type 0, which has been done in the last section 
(5.2). 

5.3.1 Identification map of type II 

Suppose A(r) has a bivalent inner vertice v, ei = {v, w, } and 62 = {v, W2} 
are the two edge connecting to v. Without loss of generality, we may assume 
A{r) is connected. Thus Q{r;A) = Wo(r; A). 

Assume f = {g, h) E Q{T; A). Then, the identification map T2 sending / 
t0T2(/)= (r^(^),r"2(/i)) 

r2{f){v) 
r{f){v') 

Thus, 
and 



^f{v'), if v'^v. 

^ g{wi) + g{w2) -g{v), 
= 9{v'), if v' 7^ v; 

= h{wi) + h{w2) - h{v), 
= h{v'), if v' ^ V. 
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Therefore, T2 : D{V]A)h — > D{T] A)^ii ^^^^ is a linear isomorphism of fibres, 
where 

D{T-A) ^'^-\Uu)r\Q{T-A), 
also = D{V)f}Q{V-A). 

5.3.2 Identification map of type III 

Suppose A = {v,w} is an edge of F, and v is an inner verticc. : 
Wo(r;^) — ^ I'^'oir/^) x IRP'^ is the identification map defined in section 
1.3.4. 

Assume a = (foji) G Wo{T/A) x Q{A{r)), f, = {g,,h), gi : A ^ (S, 
h:A — >R, foe Wo{T/A). Then 

p : C — ^ iE?PMs defined in section 5.1. If /o = (^0, /^o), Qo ■ V{V/A) — ^ ffi, 
/lo : ^(r/A) — > R. Then 

T3:i^(r;A)(,„,,,)^L»(r/A),„xC 

is the following 

'r3{{go,ho),{gi,hi)) = ({go,hQ),j^ — T7-\] ' 

V hi{v)-hi{w)J 

which is an linear isomorphism. 

(Note: when a G D{T;a) C hi{v) — hi{w) cannot be zero.) 

5.3.3 Identification map of type IV 

In the case, r4 is obviously a linear isomorphism. 
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5.3.4 Identification of type I 

(i) Alternating method: 

Suppose r is a normal knot graph, \A\ > 3, A{r) has a univalent inner 
vertice v, e = {v, Vi} is the unique edge connecting to v. 

(Case 1) Vi is also a univalent inner vertice in A{r). Then A{r) is 
disconnected. The special translation and dilation relation for Q(r]A) has 
reduced Q{T; A) to lower dimensional boundary. 

(Case 2) vi is a bivalent inner vertice in A{r). Then we apply the 
identification map of type II. 

(Case 3) Vi is a trivalent inner vertice in A(r), that is, there exist edges 
ei = {vi,wi} and 62 = {^1,^2} connecting to vi. Considering the following 
map, which was first given by Bott and Taubes [5]: 

r : Q{A{r)) Q{A{r)) 
f:A^GxR, feQ{A{r)). 
r{f){v) ^ f{w^) + f{w2) - f{v) 
r{f){v) = f{w,) + f{w2)-f{v) 
r{f){v,) = f{w,) + f{w2)-f{v,) 
r{f){v') = f{v'), if v' and v' ^ Vi. 

Thus, we have an identification map similar to the map of type 11. Simi- 
larly, we have the linear isomorphism of fibres. This identification is said to 
be of the type Y. 

(Case 4) vi is a base points in F. We may assume F has univalent base 
point only. And, it is similar to the (Case 1). 

(ii) Original method: 
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Following the assumption in (i), v is a. univalent inner vertice of A(r) and 
e = {v, vi} is an edge in A{T). 

For convenience, assume A(r) is connected, then Q{A(r)) — Wo{A(r)). 

In section 1.3.2, we have the identification map Ti : Wo{A{T)) — )• 
Wo{A{T)y. for / : A ^ C X R, let /i = f\A-{v} and = max{|/i(«;) - 
f{w%w,w' eA-{v}}, 

n(/)M^/W + 2||/,||iM^, 

= f{w), for w^v. 



It is easy to see that ri is S'^-equivariant. Thus, Ti sends the fixed points 
to fixed points. Write / as {g,h), 7r(/) = h. But 7r(ri(/)) may not be 
Ti(7r(/)). Let r( : D{r; A) — > D{r; A) be the map defined as follows: 

a^{{go,ho),{g,h))eD{r;A), 
go : r/A -^(D, ho: T/A R, 
g : A — ^ (D, ho : A — >R, 

At first, let gi = g\A-{v}, h = h\A-{v}- 

g{v) -g{vi) 



^i(9)(w) = g(w), for «; t;, 

/(.(i;) — h{vi) 

\h(v)-h(v,)y 

T[{h){w) — h{w), for w ^ V, 



T[{h){v) = h{vi) + 2\\h\ 



and T[{a) = {{go, ho), {T[{g), '^[{h))- It is easy to show that 

(i) when a e Fix {Wo{r; A)), ri{a) = Ti{a). 

(ii) t[ is a vector bundle map. 
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(iii) t[ is the differential of ri at tlie fixed point set. 

(iv) *(Ti(«)) = *(r{(«)) = *(a). 

And tfie most important fact is that the two identification maps Ti\D{r;A) 
and t[ give the same result. Thus, we may use t[ instead of ri, when we 
consider only the part D{r;A), that is, n Q{r;A). 

Renicirk: The alternating method for the "univalent inner vertice" iden- 
tification is just reducing the type I to the other types. The merit of this 
method is that the identification maps for Wo(r) (= Wo{T)\JQ{T; A)) are 

A 

all local diffeomorphisms for both vector bundles and base spaces (the fixed 
point set of Q(T; A)) 

First kind: {\A\ > 3) 

(TypeV): : Q{T; A) ^ Q{T; A) 

(TypeY): r : Q{r; A) ^ Q{r; A) 

Second kind: {\A\ = 2) 

T3,T4 : g(r;^) Wo{r/A) X PiA). 

Furthermore, the two different type identification maps of first kind are 
P-orientation reversing involutions. This is a crucial point in the degree 
theory. 

5.4 Conclusion 

We continue the notations V{n) and T-C{n) in section 5.1. Let ©(n) be 
the quotient space of V{n) by the identification maps of vector bundles given 
in lase section (5.3), and the fixed point set TC{n) is also a quotient space 
of T-C{n) by the related identification maps. Then 'D{n) is a 2n-dimensional 
complex vector bundle over 7i(n). 

Overall Conclusion 
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First, we state a few results: 



(5.7) i/6n(>V(n),*(C»3n)) 

R^i76n-2(>Vo(n),^#(03n)) 
^i/6n-3(Wo(n)/5S^*(03n)) 

(The proof is somewhat straightforward.) 
Thus, the homomorphism 

(3 : J/6n-3(>Vo(n)/5l,^*(^3„)) i/6n(Wo(n),*#(C»3n), 

defined in section 4.2, is an isomorphism, and hence, together with Theorem 
(4.2), we have 

Theorem (5.8): If HQn-A{V{n) - n{n)/S^) — > if6„_4((DP^""^) is 
a zero-homomorphism, then the degree homomorphism 

: i/6n(>V(n), ^*(03„)) — ^ He^{P{3n),03n) is also a 0-map. 

In Chapter 6, we shall show that V{n) has finite structure group. Thus, 
in Theorem (5.8) is a 0-homomorphism, and hence, the degree homomor- 
phism is also trivial. 

Secondly, we consider the set C — Wo(n) — T>{n). Then yVo{n)/C is 
exactly the Thom space T{V{n)) of the vector bundle V{n). Thus, we have 
the following exact sequence 

= i/6n-2(C,**(C»3„)) /J6n-2(>Vo(n),*#(C»3n)) ^ H^n-2{T{V{n)) 

By Thom isomorphism Theorem, 

i/6n-2(r(P(n)) ^ H2n-2{n{n)). 

Therefore, we have 

(5.9): A, : i/6n-2(>Vo(n), *#(C)3n)) H^n-2{n{n)) is an injective 
map. 



63 



With a straightforward, but tedious, computation of -ff*(7Y(n)), we can 
show that the image of A* contains exactly the cycles from the weight sys- 
tem of Vassiliev invariant of order n. On the other hand, one can con- 
vince himself easily that a weight system u will get cycles '^(r)VFo(r) in 

r 

(>VoN,^*(C3n)) and Ec^(r)l^(r) in (>V(n), *#(03n)). And the degree 

r 

homomorphism send it to 0, which is a non-zero multiple of Feynman inte- 
gral over Y^uj{r)W{r). This concludes that the Feynman integral ifruj{r) 
r r ' ' 

is 0, for any weight system, and hence, yni^] algebra of chord 

r ' ' 

diagram. 

Remark: The computation of H^{l-i{n)) will appear in additional chap- 
ter (seven) or another article. Although it is lengthy, it has no problem 
anyway. 
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§6 Finite structure group 



6.1 Finite structure group 

Suppose r is a knot graph. H(r) is the set of all real function h on ^(r) 
such that h preserves the linear order of base points of V{r) and h does not 
degenerates any edge in V^(r), precisely, for any two base points x and x' 
with X < x', h{x) < h{x'), and for any edge e = {v,w} in F, h{v) ^ h{w). 
D{V) — {{g, h) : h E H{r) and 5' is a complex-value function on ^(r) such 
that g\vo{r) — 0}. H(r) and D(r) are the quotient spaces of H{r) and D(r) 
by all possible extended translation and dilation relations. 

Suppose r has s inner vertices. Then D{T) is an s-dimensional complex 
vector bundle over H{T). 

Assume r has k edges ci, 62, ■ ■ ■ , e^. Then, we have a fibrewise linear 
injective map ^ : D(T) — > (D'^, defined by 

*(^,/i)=(|(eO,|(e2),---,|(e,)), 

which depends on an order of edges ^f(e) = ^(^)Ife(^) ; if e = {v,w}^. The 
E.T.D. relations are exactly the a priori relations having the same image 
under \1'. 

6.2 A trivialization of D(r) 

Fix a linear order for the inner vertices in F, say, yi < 1/2 < ■ ■ ■ < Us, ior 
yi,y2,---,ys in Vi{r). 

Suppose h : V{r) — )■ iR is a height function. For any edge e = {v^w}, 
let \h\{e) — \h{v) — h{w)\. A sequence of vertice rj — {vq^ vi^ - ■ • ^ Vr) is said to 
be an arc connecting vq to v^, if {vi-i, Vi\, i — 1,2, ■ ■ ■ ,r, are edges in F. Let 

r 

\h\{r]) — Yl \h\{vi^i,Vi), it is said to be the /i-length of the arc r]. \h\ gives a 
1=1 
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metric on T as follows: 

v,we v(r), 

d{h,v,w) = mm{\h\{ri) : ry is arc connecting v to w}. 
For any yi,l < i < s, let 

ViVi) = ^o(r) U {yi+i,yi+2, • • • , J/J and 
d{h,yi) = imn{d{h,v,yi) : v e V{yi)}. 

Note: d{h, yi) is much dependent on the linear order. 
Definition (6.1): For eeach i, 1 < i < s, 

(i) g{h,yi) : V{T) — > (D is a ground function defined by: 
9ih,yi){v) = max{0, d{h,yi) - d{h,yi,v)}, for any v G V(T). 

(ii) b{h, yi) (or simply bi{h)) is equal to (g'(/i, y^), h), it is in D{r)h. 

(iii) 6'(/i) : (D'^ — ^ (D*^ is a linear map defined by: 6'(/i)(ci, C2, • • • , = 
*(ci6i(/i) + C262(/i) + • • • + Csbs{h)). 

Proposition (6.2): Suppose every inner vertices are connecting to base 
points. Then 

(i) {hi, 62, • ■ ■ ) bs) is a trivialization of the vector bundle D(r) over H(r). 

(ii) e : H{T) — > End ffi^) sends i/(r) into a bounded set of 

End (r,(r;^). 

(iii) For each h e -f^(r), 9{h) is an injective hnear map. 
Proof: 
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(i) For j > i, yj e V{yi). d{h,yi) < d{h,yj,yi). Thus, g{h,y,i){yj) = 0. For 
any v ^ w in V{r), d{h,v,w) > 0, no matter that h{v) is equal to h{w) 
or not. d{h, yi) > 0, for alH = 1, 2, ■ ■ ■ , s. Thus {g{h, yi),i = 1,2, - ■ ■ ,s} 
are hnearly independent. This proves (i). 

Note: If there is an inner vertice which is not connecting to any base 
point, the dimension of D(r)h is smaller than s. 

(ii) mm = {^{er))l^^. 
For any edge e = {v, w}, 

\d{h,yi,v) - d{h,yi,w)\ < d{h,v,w) = \h{w) - h{v)\. 
Thus, 

\g{h,yi)(v) -g{h,yi){w)\ 

\h{v)-h{w)\ 
\g{h,yi,v) - g{h,yi,w)\ ^ 
\h{v)-h{w)\ 

and \^{bi{h))\ < Vk in Euchdean norm. This prove (ii). 

(iii) Assume 9{ci, C2, • • • , c^) =0 in (D'^. Let g = cigh, yi) + C2g{h, j/2) + • • • + 
Csgih,ys). 

Then ^(e) = 0, for all e G E{r), that is g{v) = g{w), for any e = {v, w} 
in E(r). By assumption, any inner vertice is connecting to a base point. 
Thus g{v) = 0, for all v e V{T). By (i), ci = C2 = • • • = = 0. This 
proves (iii). 



g{h, yi 



h 



(e) 



6.3 Boundary behavior of the trivialization 

Suppose A is a subset of vertices in F. As in section 5.2, Q{A{r)) = 
Wo{A{T))/ S.E.T.D. relation, Q{T;A) = Wo{T/A) x Q{A{T)). To restrict 
to the case that Q{T; A) is a codimension 1 boundary, we assume that (i) 
A{T) is connected, or (ii) A consists of two neighboring base points. But, 
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the second case is quite trivial, we may consider the first case only. Thus, 



Q{A(T)) = Wq{A(T)) and Q(T;A) = Wo{T;A) x Wo{A(T)). Furthermore, 
D{r;A) = D{r/A) X D{A{r)) and H{r;A) = H{T/A) x H{A{T)). 



6.3.1 Having base points 

Suppose there is at least one base point in A. 

Then, the set of inner vertices Vi(r) splits into disjoint union of Vi(A(r)) 
and Vi(T / A). Thus, the linear order on Vi{T) gives linear orders on yi(A(r)) 
and ViiV/ A). For convenience, consider the following values for a height 
function /i on F: 

e{h) = mm{\h{v) — h{w)\: for all edge e = {v,w} in F}, 
and \h\ — max{|/i(t') — h{w)\: for any two vcrtice v,w in F}. 
£{h) and \h\ are not invariant under T.D. relation, they are not a function 



on H{r). 

For any hi in H{r/A) and /la in H{A{r)), let hx : V{r) — >R defined 



where a denote the new base point corresponding to A, and Oq is a fixed base 
point in A. When A is sufficiently small, hx is a height function of F. 

Let b{hx,yi), b{hx,y2), ■ ■ ■, b{hxiys) denote the basis of D{T)h^ con- 
structed in section 6.2. The following results are straightforward. 

Proposition (6.3): 



by: 




if V is not in A, 



hx{v) 



= < 



hi{a) + X'4tf{h2{v) - /i2(ao)), , if is in A, 



(i) liyeV,{T/A), 
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(ii) UyeAnV,{r), h{hx,y)\A{v) = b{h2,y), for all A > 0. 

(iii) liyeAn V,{r), ]im g{h^, y){v) = 0, for v ^ A. 

A — ^0 

In general, if a parameter of height function {h\, A > 0} satisfying: 

(i) lim h\ = hi and 

(ii) \mi{(p{X)h\\A + A*('^)) — ^2, for some (p{X) > and /u(A), 

A — >0 

we also have the result 

(i) in Proposition (6.3) and 

(ii) ' lim6(/iA,2/)U(r) = Kh2,y), for y e AnVi{r) = K(A(r)). 

A — 

6.3.2 Inner vertices only 

Suppose A contains inner vertices only, and yr is the maximal point in A. 
It is convenience to think the new inner vertice oi T/A corresponding to A 
is yr- Thus, T/A has inner vertices y^. and the points in Vi(r) — A, and A{r) 
has inner vertices the all points in A. {y^. is the new inner vertice in T/A) 
The linear order of A is just the restriction from that in Vi(r) and the linear 
order of Vi(r/A) is also the restriction to {yr} U (Vi(r) — ^4) and change the 
yr to %, that is, for yi e Vi{r) - A, yi < %, if and only if, yi < yr. 

Similar to the above case, for hi e H{r/A) and h2 G H{A{r)), let hx be 
the height function on F defines by: 

' hi{v), live V{T)-A, 

h\{v) = { 

_ hM) + ^f^ihiv) - h^iyr)), iiveA. 

It is obvious that, when A is sufficiently small (A > 0), hx is a well-defined 
height function on F. Now, by the definition of the basis (6j), we have 
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(i) {b{hi,y), for y e Vi{T) - A, and b{hi,%)}, 



(ii) {b{h2, y), for y e A} and 



(iii) {b{hx,y),yeV,{r)}. 



The first and the third are bases for D{T/A)hi and D{T)h^, obviously. But, 
the second is not a basis for D{A{T))h2- Let si = \A\, the number of elements 
in A. By T.D. relation, D{A{T))h2 has dimension si — 1. 

By assumption A{r) is connected, d{h2, y, y') is a well-defined non-negative 
number, for y,y' G A. Thus, d{h2,y) = Tam{d{h2,y,y') : y' > y} is also a 
well-defined finite value, for y ^ y^. Therefore, it is reasonable to consider 
the basis {b{h2,y) : y & A and y ^ y^} as the trivialization of D{A{T)) over 



Proposition (6.4): Suppose A is a subset of Vi(r) such that A{r) is 
connected and ?/i < ?/2 < • • • < is the linear order of elements in A 
restrict from that in Vi{r). Then {b{h2,yi),b{h2,y2), ■ ■ ■ ,b{h2,ysi-i)}, for 
h2 e H{A{r)), is a trivialization for D{A{r)) over H{A{r)). 

Proposition (6.5): {hx,X > 0} defined above. 



H{A{r)). 



(i) UyeV,{r/A)andyj^y 




9{hi,yr){v), for^;^A, 



lim g{hx,yr){v) 

A — 



9{hi,y^){y^), iow e A. 
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(iii) For y e ^ - {yj, 

b{hx,y)\A(r) — K^'^jV): for A sufficiently small, 
where the equality means that they are equivalent under T.D. relation. 

(iv) For y e A — {y^} and v ^ A, 

\im h{hx,y){v) = 0. 

Proof, (i) Assume y e Vi(r/A) and y ^ y^. d{hx, y) — nim.{d{hx^ y, v) : 
V e V'o(r) or {v e Vi{r) and > y in Vi(r))}, it is smaller than or equal to 
d'{hx, y) = nAvi{d{hx, y,v) : v e Voir) or {v e {yj U {Vi{r) - A) and v > y 

in v.im. 

Claim: hmd{hx,y)=^TXi^d'{hx,y)- 
(Case 1): For all v e A, v < y. 

dihx, y) = d'{hx, y), for all A. 

(Case 2): There exists v E A, v > y. 

Then yr > y. When A approaches to 0, d{hx,y,v) and d{hx,y,yr) have 
the same limist {d{hi,y,y^)). Therefore, although d'{hx,y) has less minimum 
set, it also has the same limist as d{hx,y)- 

And, it is obvious that d'{hx,y) = d{hi, y). This implies the equality in (i) 
easily. 

(ii) The set V{yr) = Vo(T) U {v e Vi{T),v > yj is equal to V{y^) = 
Voir/ A) U{v e Vi{r/A), v > yj. Thus, limd{hx,yr) = d{hi,%). This 

A — ^0 

implies (ii). 

(iii) : For y e A, y y^yr, 

V{y) = Vo{T) U {v e Vi{T) : v > y} for F, 
and V'{y) = {v e A,v > y}, for A{T). 
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Now, compare d{hx,y) with d{hx\A,y) '■ 



d{hx,y) 
d{hx\A,y) 



m.m{d{hx,y,v) : v G V{y)} 
mm{d{hx,y,v) : v G V'{y)} 



yr is in V{y), yr is also in V'{y). For any v G V{y) — V'{y), that is, v ^ A and 
V G d{hx,y,v) > d{hx,y,yr), for A sufficiently small. Thus, when A is 

sufficiently small, d{hx,y) — d{hx\A,y)- But, d{hx\A,y) — ^d{h2,y)- Thus, 

{9{hx,y){v),hx{v)) = \{g{h2,y){v),h2{v)) + {0,h{%) - A/i2(2/r)), 

for all V & A, that is, b{hx, y) U(r) is equivalent to 6(/i2, ?/) under T.D. relation. 

Remark (6.6): For y G A-{yr}, g{hx,y){v) = 0, for v G y(r) - A and 
A sufficiently small. 

Proof: d{hx,y,v) > d{hx,y) = Xd{h2,y). Thus, g{hx,y){v) = max{ 0, 
d{hx,y) - d{hx,y,v)} = 0. 

6.3.3 (Continued) 

{hx; X > 0}, as above, is a parameter of height function on F such that 
\imhx = hi in H{T/A) and lim{hx\Air)) = ^2 (in the sense that they are 
equivalence under T.D. relation) in H{A{T)). Part of limit behavior of 
b{hx,y), y G ^^(r), is already studied. But, there are still something, we 
forget to study in section 6.3.1 and 6.3.2, that is, when y G Vi(F) — A, the 
limit of the restriction of b{hx,y) to A{T). Actually, the limit does not ex- 
ist. Thus, we should modify b{hx,y) such that its restriction to ^(F) will 
approach to zero. 

An easy approach is the following: 

For y G Vi{r) — A, let g{hx,y) be a ground function such that, for any 
e = {v,w}, 



g{hx,y){v) - g{hx,y){w) 
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' g{hx,y){v)-g{hx,y){w), for e ^ E{A{V)), 

— < 

. X{g{h^,y){v)-g{h^,y){w)), for e e £;(A(r)). 

(note: \g{hx,y){v) - g{hx,y){w)\ < \h\{e)) 

When A is small, we switch g{hx,y) to g{h\,y), continuously, and we get 
a new basis {h{h\,y),y G Afl Vi(r)}. Then, Proposition (6.3) and (6.5) also 
hold for this new basis. For example: 

\im g{hx,y){v) ^ g{hi,y){v), 

A— >U 

for y G Vi(T/A) and v ^ A, in (6.3). Moreover, we also have 
Proposition (6.7): 

(i) Foranyyeyi(r)-A 

\imb{hx,y)\Air) = 0. 

(ii) If A C Vi(r) and is the maximal element in A, then 

lini6(/lA,2/r)U(r) = &(^2,Z/r)- 

A — 

Remcirk: In the case (ii) of the above proposition, we may define b{hx, yr) 
similarly such that Y^m.h{h\,yr)\A{v) = as in (i). 

A — ^0 

Thus, by (6.3), (6.5) and (6.7), we find that the limit of the new basis 
{h{hx,y)} is completely determined by the two bases at the hmit {h-i, of 
{hx}. in H{VIA) X H{A{V)). 

The above modification of basis is done on a collaring neighborhood of 
H{T;A) in H{T). Thus, we need a non-overlapping collaring neighborhood 
for each codimension-1 boundary H{T\ A). We can believe that the space is 
good enough to do so. If one does not believe it, one could try an alternating 
method: a more general modification on all g{h,y) in the following way: 
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(i) For any two functions gi,g2 '■ ^(r) — > (D and e = {v,w}, |^(e) 

9lM-9l{w) 

g2(v)-g2{w)' 

(ii) E{y) — {e — {y, v}, e is an edge in F}. 

(iii) g{h,y) : V(r) — > (D is a ground function on F satisfying 



gih,y) 



e 



if otherwise, 



where \h\{e) = \h{v) — h{w)\ (e = {v,w}) and = min{|/j|(e) : e e 

E{y)}- 

(That is, we shrink the effect of \h\{e) on g{h, y), when \h\{e) is much smaller 
than S{y), the /i-lengths of edges connecting to y.) 

Note: ^{e) — 1 means that g{v) — g{w) — g{v) — g{w), whenever g{v) — 
g{w) or not. 

Using the modified basis {b{h,y) = (g(h, y),h)}, we also have the result 
(6.3), (6.5) and (6.7), except the result (ii) in (6.5) becoming that 

9{hi,yr){v),ior v ^ A 



(ii) lim^(/iA,yr)(^^) 



(its limit returns to the original one). 



9{hi,y^){y^),ioT v eA 



6.4 Isotopy of trivializations 

Changing the linear order of inner vertices, we get different trivializations 
of -D(F). We shall show that they are all isotopic. 

As in section 6.2, yi < y2 < ■ ■ ■ < Us are the inner vertices with lin- 
ear order (in F). V{yi) = Vo{T) U {yi+i, y^+s, • • • , yj, i = 1, 2, • • • , s, and 
d{h,yi) =mm{d{h,v,yi) : v e V{yi)}. 
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Now, assume r is an integer, 1 < r < s — 1, and consider the linear order 
Hi < y2 < ■ ■ ■ < Ur-i < Ur+i < Vr < ?/r+2 < " " " < Us, which switches the 
positions of i/r and i/r+i- Then, we should consider 

V'(yr) = Vo{T) U {yr+2, yr+3, " " " , Vs}, 
V'{yr+l) = Voir) U {Vr, yr+2, ^/r+S, 

d'{h,yr) = inm{d{h,v,yr) : v G V'{yr)}, 
d'{h,yr+i) = mm{d{h,v,yr+i) : v e V'{yr+i)}. 

for convenience, let V'{yi) = V{yi) and d'{h, Ui) = d{h, yi), for i ^ r and r + 1. 
Furthermore, let g'{h,yi) be the ground function defined by g'{h,yi){v) = 
max{0, d'{h,yi) - d{h,v,yi)}. And b'{h,yi) = {g'{h,yi),h), i = l,2,---,s. 
Then, {b'{h, yi), i = 1, 2, ■ ■ • , s} is also a trivialization on D{T) over H{T). 
We shall show that {b{h, yi)} and {b'{h, yi)} can be homotopic to a trivializa- 
tion {b{h, yi)} through parameters of trivialization {bt{h, yi)} and {b'f{h, yi)}, 
respectively. 

Consider the following, as above: 

(i) V{yr) = V{yr+i) = V'iyr) n V'{yr+i), that is, V'{yr). 

(ii) V{yi) = V{yi), ior i^r,r + 1. 

(iii) d{h, yi) = mm{d{h, v, yi) : v e V{yi)}. 

(iv) g{h, yi) (v) = max{0, d{h, yi) -d{h,v, yi) } 

(v) b{h,yi) = {g{h,yi),h), i = l,2,---,s. 

It is easy to see that d{h, yi) > d{h, yi) and d{h, yi) > d'{h, yi),i— 1, 2, • • • , s. 
Let dt{h, yi) = td{h, yi) + (1 - t)d{h, yi), for < t < 1. 

Also, gt{h,yi){v) = m&x{0, dt{h,yi) - d{h,v,yi)} and bt{h,yi) = {gt{h,yi),h), 
i = 1, 2, • • • , s. Similarly, for d[{h, yi), g[{h, yi) and b[{h, yi). 
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Proposition (6.8): For any t, < t < 1, and h G H(T), both 
{bt{h,yi)}^^^ and {b^{h,yi)}f^i are bases for D{T)h- Thus, the two trivi- 
ahzation {b{h,yi)} and {b'{h,yi)} are isotopic through the parameter of triv- 
iahzations {bt{h, yi),i = 1, 2, • • • , s} and {b[{h, yi),i = 1, 2, • • • , s}. 

Proof: It is easy to show that, for < t < 1, gt{h, i/j), i = 1, 2, • • • , s, are 
hnearly independent (Similarly, for {g^{h,yi)}). Because d{h,yi) > dt{h,yi), 

(i) 9t{h, yi){yj) = 0, for z < r - 1 and j > i, 

(ii) gt{h, VrXyj) = 0, for j>r + 2, 

(iii) gt{h, yr+i){yj) = 0, for j >r + 2, 

(iv) gt{h, yi){yj) = 0, for z > r + 2 and j > i. 

Moreover, gt{h,yi){yi) > gt{h,yi){yj) > 0, for any 1 < j i < s. 

Consider the matrix G — (Gjj) i<i<s , Gjj = 9t{h,yi){yj)- The above 
conditions implies that the determinant of G is greater than 0. In fact, 

det(G) = G11G22 ■ ■ ■ Gss — G11G22 • • • Gr-l,r-lGr,r+lGr+l,rGr+2,r+2 ' ' ' Gg^s 
— G11G22 ■ ■ ■ Gss ■ {Gr,rGr+l,r+l) ^ " {Gr,r " G'r+l.r+l ~ G^r,r+1 " 

Gr,r > Gr,r+i and Gr+i,r+i > Gr+i,r- Thus, det((j') > 0. This proves this 
proposition. 

Therefore, there is no real difference to choose any linear order for Vi(r) 
to construct the trivialization. 

6.5 Transition maps of vector bundle V{n) 

Because we have trivializations (61, b2,---, bs) for every D{r), the tran- 
sition maps are given by all the identifications stated in section 1.3, or in 
section 5.3 (vector bundle form). 
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6.5.1 Identification of type 

This is already absorbed by the special extended translation and dilation 
relation (see section 5.2). 

6.5.2 Identification of type I 

Suppose A is a subset of V{r) and A{r) has a univalent inner vertice v. 

Assume e = {v, vi} is the unique edge in A(r), containing v as the end- 
point. 

By the result of section 6.4, wc may assume that v is the minimum element 
in Vi{A{r)). For convenience, let yi = v < y2 < ■ ■ ■ < Ur denote the inner 
vertices in A(r). Then, for any height function h on A{r), g{h,yi){yi) = 
\h\{e), that is, \h{v) - h{vi)\, and g{h,yi){yj) = 0, for j ^ 1. 



(6.9): t[ : D{A{r)) — > D{A{r)), defined in the method (ii) of section 
5.3.4, satisfies the following: 

(i) T[{9{h,yi),h) is exactly equal to {g{T[{h),yi),T[{h)). 

(ii) For i > 2 and j > 2, T[{g{h,yi)){yj) = g{h,yi){yj) = g{T[{h),yi){yj). 

Proof of (6.9): r[{h){w) = h{w), for Wy^yi^v. Thus, 



9{^[{h),yi){yi) 



T[{h){v) - T[{h){v,)\ = 2\\h 



and g{T[{h),yi){w) = 0, for w ^ y^. 



r'i{9{h,yi)){yi) 
= 9(h,yi){vi) - 




2\\h 



and T[{g{h,yi)){w) = g{h,yi){w) = 0, for w ^ y^. This proves (i). 
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The proof of (ii) is straightforward. 

Thus, the restriction of t{ to D{A{r))h, : D{A{r))h — > D{A{r))r^^h), 
send bi to 61 and bi to bi + pibi, for i >2, where pi is a real number depending 
on h. By the homotopy property of vector bundle, we may change t[ to a 
homotopy one r", r"{bi) — bi for all i. 

Therefore, the transition map for Identification of type I is the identity 
map. 

6.5.3 Identification of type II 

Suppose A is a subset oiV{r) and A(r) has a bivalent inner vertice v. 

Assume Ci = {v, Wi} and 62 = {v, W2} are the two edges connecting to v. 

As above, we may assume that v is the minimum element in Vi(A(r)) 
and Vi = V < y2 < ■ ■ ■ < Ur are the inner vertices in A(V). Then, for any 
height function of A{r), 



9{h,yi){yi) 



mm{\h\{e,),\h\{e2)} 



and g{h,yi){yi) = 0, i > 1. 



As the notations in section 5.3.1, we have 



(6.10): 



(i) T^{g{h,y,)) 



(ii) For i > 2 and j > 2, 



r2{9{h,yi)){yj) 



9{h,Vi){Vj) 
9{r2{h),yi){yj). 



Proof of (6.10): 



^2{9{h,yi)){yi) = g{h,yi){wi) + g{h,yi){w2) - g{h,yi){v) 
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= -9{h,yi){yi) 
^-rmn{\h\{e2),\h\{e^)}. 
9(rm,yi)(yi) =min{|T^(/i)|(ei),|r^(/i)|(e2)} 
= min{|/i|(e2),|/i|(ei)}. 

This proves (i). 

To prove (ii), choose arcs rji and 772 from t/j to wi and W2, respectively, 
such that 7)1 minimizes the /i-length from t/j to Wi and r]2 minimizes the 
/i-length from i/i to W2- 

(Case 1) yi is on rji. 

Then W2 is also on rji and ri2 is a subarc of rji. 
Thus, g{h,yi){w2) > g{h,yi){yi) > g{h,y,i}{tvi). 

If <i(/i,yi) < d{h,W2,yi), then g{h,y,i){w2) = g{hi,yi){yi) = g{h,yi){wi) = 0. 

If d{h,W2,yi) < d{h,y,i) < d{h,Wi,yi), then 

g{h,yi){w2) = d{h,yi) - d{h,W2,yi) and g{h,yi){wi) = 0. 

If d{h,wi,yi) < d{h,yi), then 

g{h,yi){wi) = d{h,yi)-d{h,wi,yi) and g{h,yi){w2) = d{h,yi)-d{h,W2,yi). 
By assumption, i>2,yi> yi, we have d{h,yi) = d{T2{h),yi). 
Th.us,g{h,yi){wi) = g{T2{h),yi){wi) and g{h,yi){w2) = g{T^{h),yi){w2). 

(Case 2) yi is on 772. 

Then wi is also 772 and rji is a subarc of 772- And we can prove that 
g{h,yi){wj) = g{T!^{h),yi){wj), j = 1,2, 

as in (case 1). 

(Case 3) yi is not on ?7i U 772- 
Then 

d{h,yi,wi) = d{T2{h),yi,Wi) 
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and d{h,yi,W2) = d{T2{h),yi,W2). 
Thus, we also have the equahties 

g{h,yi){wj) = g{T2{h),yi){wj),j = 1,2. 
The proof of other results is similar and is omitted. 

What is the difference of T2g{h,yi)){yi) and 5'(t2(/i), for i > 27 

(6.11): For i > 2, 

(T2(5((^,yi))(yi)-^(r2(M,yO(l/i)l <2min{|/i|(ei),|/i|(e2)}. 
Proof: 

Ki9{{h,yi)){yi) - T^{g{h,yi){wi)\ = \g{h,yi){w2) - g{h,yi){yi)\ < \h\{e2). 
\giT^ih),y,)iy,)-giT^ih),y,)iw,)\ < |r^(/i)|(ei) = \h\{e2). 
By (6.10), T^{g{h,y,))){wi) = giT^ih),y,)iw,). 

Thus, \T^{g{h,yi)){y,) - g{T^{h),yi){y,)\ <2\h\{e2). 
Similarly, 

\r2{g{h,yi)){yi)-g{Ah),yi){yi)\ < 2\h\{e,). 
This proves (6.11). 

Now, consider the restriction of r2 to D{A{T))h, : D{A(T))h — > D{A(T))r^^h), 
it sends b{h, yi) to —h{T2{h),yi) and sends h{h, yi) to 6(r2(/i), |/j)+p-6(r2(/i), yi), 
where p'^ is a real number depending on h and \p[\ < 2. 

Thus, we may assume that the identification map T2 has the following 
form: T2(6i) = — fei and r2(6i) = h, for i > 1, without changing the isomor- 
phism class of vector bundle T>{n). 

6.5.4 Identification of type III 

Suppose A = {v, w} is an edge of F and v is an inner vertice. Assume v 
is the smallest inner vertice in A (if w is a. base point, then the assumption 
holds automatically). 
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As the notations in section 5.3.2, 

ra 6 /i, v)) = ^ -f^ = ±1 m C, 

h{v) — h{w) 

for any height function h on AiV). 

Let {b{-,yi),yi ^ v} denote the triviahzation for D{r/A) and 6i the 
standard basis {1} in (D. Then T3 : D{T; A) — > D{T/A) x (D has the following 
form: 

niK-^Vi}) = for ^ V, 

T3{b{;yi)) =±5,. 

6.5.5 Identification of type IV 

In this case, A = {v,w} is not an edge in F, the identification map is 
nothing but the identity map. 

6.5.6 Conclusion 

Without changing the isomorphism class of V^n), the transition maps for 
the triviahzation {bi,b2, ■ ■ ■ ,bs, ^i, ■ ■ ■ , S^n-k) in D{T) x (D^n-fe ^ j^^^ . ^ ^ists 
only two kinds: 

(i) one is the permutation of basis. 

(ii) One is the composition of permutation and 9i, where 9i{bi) = —bi and 
Oi{bj) = bj, for j 7^ i. 

Thus, T>{ri) has finite structure group. 
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